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ABSTRACT

From Internal Response to External Intent: Data-Efficient Machine

Learning for Human State, Motion, and Embodied Intelligence

by

Sarmad Mehrdad

Advisor: Prof. Ludovic Righetti, Ph.D.

Submitted in Partial Fulfillment of the Requirements for

the Degree of Doctor of Philosophy

(Electrical and Computer Engineering)

January 2026

This thesis investigates how intelligent systems can understand human state,

behavior, and intent under conditions of data scarcity, variability, and suboptimality.

Robots operating alongside humans must infer internal state, interpret behavioral

patterns, and anticipate future actions despite limited sensing and incomplete

demonstrations. To address these challenges, this work develops data-efficient

machine learning methods across three complementary axes of human-centered

modeling: learning human states, learning human behavior, and learning

human intent.

First, we study the problem of physiological state inference using minimal

temporal data. Based on dilated LSTMs and Temporal Convolutional Networks,

we design deep sequence models that predict imminent health deterioration of
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COVID-19 patients from only three vital signs and basic demographic information.

Trained on 37,006 patients, these models achieve high prognostic performance

across 3- to 24-hour horizons, demonstrating that clinically meaningful patterns

can be extracted from extremely low-dimensional inputs.

Second, we develop statistically expressive probabilistic models to learn human

behavior from small sets of demonstrations. We introduce FiMReSt, a regulated

finite mixture of multivariate skew-t kernels, enabling stable, flexible modeling

of skewed, heavy-tailed motion data. We also propose Skew-Normal Mixture Re-

gression (SNMR) for learning compact, generalizable trajectory representations,

and extend classical Learning-from-Demonstration frameworks by incorporating

context-aware optimality scores that mitigate the impact of suboptimal or inconsis-

tent demonstrations. These methods allow robots to learn behavior distributions

more accurately, especially in few-shot conditions.

Finally, we address the challenge of inferring human intent through Inverse

Reinforcement Learning (IRL). We propose Minimum Observation IRL (MO-IRL),

an iterative algorithm capable of recovering latent cost functions using sparse,

partially observed human trajectories while exploiting natural non-optimality.

Applied to both synthetic systems and biomechanical human-arm models, MO-IRL

uncovers meaningful cost structures and enables accurate prediction of human

demonstration and motion. We further demonstrate subject-independent cost

inference, revealing shared behavioral principles across individuals.

Together, these contributions establish a unified framework for data-efficient

learning in embodied intelligence to support robust inference of human states,

behaviors, and intents under real-world constraints. The methods developed here

help move robotics closer to truly human-centered, adaptive, and interpretable

interaction capabilities.
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Chapter 1

Introduction

Robots are increasingly expected to operate in spaces shared with humans,

collaborate with them, and adapt to the complexities of real-world environments. As

these expectations grow, so does the need for learning frameworks that allow robots

to understand the people they interact with. This goes beyond the physical motion,

towards the deeper levels of physiology, behavior, and intent. Human-centered

robotics therefore requires more than control policies or perceptual pipelines; it

requires computational models capable of capturing how humans function, how they

act, and why they choose the actions they do. Designing such models is profoundly

challenging because humans exhibit immense variability across individuals, contexts,

and tasks, and because the available data about human behavior or internal state

is often sparse, noisy, or incomplete.

Robotic systems, however, do not have the luxury of perfect sensing or unlimited

data. They must interpret human actions and states (sometimes in real time), often

in the presence of uncertainty, partial observability, and strict safety or performance

constraints. This reality motivates a shift toward structured, data-efficient learning

methods that exploit both physical insight and statistical modeling, enabling

robust inference even when demonstrations or physiological measurements are

limited. Instead of relying solely on high-dimensional datasets or end-to-end neural

models, which may fail to generalize across individuals or degrade under distribution

shift, robotics benefits from designing learning algorithms that incorporate domain

knowledge, biomechanical structure, and interpretable cost formulations.

A central challenge is that humans must be understood at multiple levels. At



2

the level of internal sginal, physiological variations, neuromuscular activation

patterns, and biomarker dynamics shape how people feel, behave, and perform

tasks. Understanding these internal processes can enable robots and automated

systems to monitor health, assess risk, or provide personalized feedback. At the

level of external behavior, humans express their goals, preferences, and strategies

through motion. Replicating this motion, and inferring the human expectation of

the motion is essential for seamless human–robot collaboration. Ultimately, at the

human intent level, humans evaluate the best scenario of motion given optimal

objectives given their preference and dynamics. Understanding the intent, would

not only predict human motion itself, but also explains why the motion takes place

in the manner it does. These three levels are deeply connected: understanding

human physiology provides insights about capability and state, while understanding

behavior and intent allows robots to anticipate what a person may do next. A

robotics system capable of leveraging these perspectives is better equipped to

operate safely, effectively, and intelligently.

This thesis adopts this perspective by organizing its contributions into three

complementary directions: learning human signals , learning human behavior ,

and learning human intent . Although these domains appear different, they share

a unifying focus on understanding humans from limited data, and on extracting

meaningful structure that can support prediction, interpretation, and ultimately

robotic decision-making.

The first direction, learning human signals, addresses how artificial intelli-

gence (AI) methods can be leveraged to interpret human physiological signals

and biomarkers in settings where data scarcity and uncertainty are prevalent. As

demonstrated during the COVID-19 pandemic and in broader biomedical contexts,

physiological datasets often contain noise, missing values, and severe imbalance

between healthy and pathological samples. Yet automated systems must still

extract meaningful patterns to support prognosis, early detection, or personalized

intervention. By developing models capable of learning under such constraints, we

gain tools that deepen our computational understanding of human internal state

— a critical foundation for future embodied systems that must recognize fatigue,

stress, impairment, or health deterioration before interacting physically.

The second direction, learning human behavior, focuses on how robots can learn
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behavior and infer intent directly from human demonstrations. This dimension is

central to embodied intelligence: robots should not merely mimic human trajecto-

ries, but understand the underlying decision-making principles that produce them.

To this end, probabilistic modeling frameworks allow us to capture the distributional

structure of human movement, especially when only a small number of demon-

strations are available. Extensions of classical Learning from Demonstration

(LfD) techniques — including more expressive, skewed, or higher-order variants of

Gaussian mixture models — enable richer representations of human motion, better

regression performance under limited data, and improved generalization across

individuals.

The third direction, learning human intent, goes beyond behavior imitation,

where Inverse Reinforcement Learning (IRL) offers a principled framework for

learning why humans move the way they do by identifying latent cost functions that

best explain observed actions. Such formulations, when paired with biomechanical

models and optimal control theory, allow robots to predict human intent, anticipate

motion evolution, and adapt their assistance or collaboration strategies accordingly.

These three learning axes form a coherent progression toward human-centered

robotics and learning (Figure 1.1). They reflect a shift from interpreting human

signals to interpreting human purpose, and together provide a multilayered model-

ing foundation for intelligent robots that interact closely with people. Moreover,

across both axes runs a common methodological thread: the pursuit of learning

frameworks that remain robust and expressive despite limited data, variable hu-

man characteristics, and real-world constraints. Whether analyzing physiological

biomarkers or inferring intent from minimal motion observations, the goal is to

design models that use structure to compensate for scarcity. Although the thesis

spans two different settings, it follows a coherent methodological progression under

the umbrella of machine learning.

• Deep Sequence Models: Learning internal state from physiological signals

• Probabilistic models: Learning behavior from human demonstrations

• Inverse Reinforcement Learning: Learning human intent and cost func-

tions

Crucially, all three are used in data-efficient regimes.
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Figure 1.1: Schematic thesis outline

1.1 Deep Sequence Models

The significant shock imposed by the novel coronavirus (COVID-19) pandemic

fundamentally challenged the delivery and management of health care services

globally [187]. According to the World Health Organization, more than 620 million

patients have been diagnosed with COVID-19 as of October 2022, and there are

around 6.52 million deaths [3]. Since March 2020, 96.2 million patients have been

admitted to emergency departments across the United States [154].

Patients with COVID-19 can experience rapid deterioration entailing the need

for invasive measures associated with high morbidity or mortality [173]. During

the pandemic, patient prognosis was challenging, especially in the early days when

the knowledge about the disease was limited, and any modifications in admission

protocols could significantly alter the patient outcomes [188]. This highlighted the

importance of routine patient monitoring to ensure that patients with the highest

risk of deterioration receive early attention [175].

Due to the saturation of healthcare systems and concerns over unnecessary

exposure, many outpatients or those in nursing centers were advised to monitor
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Table 1.1: Summary of related work. Overview of related work on the diagnosis
of patients with COVID-19, patient severity assessment, and patient prognosis.
Reference Task Data Machine learning

model
[7, 43, 48, 70, 76, 85, 89,
99, 113, 124, 134, 138,
143, 162, 165, 166, 181,
186, 189, 190, 199, 201]

Diagnosis CXR, CT
Scan, EHR,
CCC

CNN, GBM, VGG19,
APACHE, ResNet50,
VAE, LSTM

[14, 44, 68, 160, 197,
204]

Severity as-
sessment

CXR, CCC SVM, DenseNet, CNN,
MLP

[12, 15, 29, 55, 131, 167] Prognosis CXR, CT
Scan

CNN, DenseNet121-
FPN, GLM, GBM, XG-
Boost, DT, AlexNet,
Inception-V4

symptoms remotely and report through telemedicine [28]. Hence, patients would

avoid visiting emergency care facilities unless symptoms were considered significantly

severe and would require immediate and specialized attention [179]. Although this

practice could reduce exposure and unnecessary loads on emergency services [137],

it could also result in poor patient prognosis. In fact, for some patients, especially

those with comorbidities, the development of symptoms was followed by sudden,

drastic, and unexpected deterioration resulting in morbidity, even after discharge

from a clinic [62].

Considering the scale of data gathered from a plethora of patients with COVID-

19 admitted to emergency departments worldwide, many Deep Learning (DL) and

Machine Learning (ML) methods were developed for early diagnosis [11], patient

severity assessment [104], or prognosis prediction [161, 196]. These methods include

the use of a Convolutional Neural Network (CNN), Variational Auto-Encoder (VAE),

Gradient Boosting Machine (GBM), Multi-Layer Perceptron (MLP), Decision Tree

(DT), Generalized Linear Model (GLM), Support Vector Machine (SVM), and

Long-Short Term Memory (LSTM), to name a few. The datasets used in the

aforementioned studies can range from Electronic Health Records (EHR) and

Clinical and Comorbidity characteristics (CCC) to imaging data such as Chest

X-Ray (CXR) and Computed Tomography (CT) Scan. In Table 1.1, we summarize

relevant work based on the choice of datasets and models for the different prediction



6

tasks.

1.2 Probabilistic models

Learning from demonstration based on probabilistic models has attracted a

great deal of interest recently in robotics as a technique to train autonomous

systems the motion skills of a human in performing a task after capturing a set of

observations by trainer [13, 27, 42, 150, 163]. This approach relaxes the need for

expert knowledge to be always present during operation since it incorporates human

intuition into the task execution. Based on this approach, data (often recorded as

motions of the robot) prescribed by the human operator during the demonstration

phase is statistically modeled and generalized to capture the human’s expectation

of a robot’s behavior conducting a task [53, 126]. This modeling is done through

fitting a mixture of probabilistic clusters to the dataset, using an iterative algorithm

called Expectation-Maximization (EM) [50], which maximizes the expectation of

log-likelihood as the measure of model’s accuracy.

1.2.1 Model Rigidity

Clustering algorithms have been utilized broadly in the literature for unsuper-

vised learning, decoding the inherent clusters of a given data or signal space to better

understand underlying hidden nature and patterns and to also detect anomalies,

outliers, and specific abnormal trends [33, 57, 112, 200]. The applications can range

from fault detection in industries [73, 83, 195], up to cancer detection in health

sectors [47, 86], and even recently in robot learning where clustering methods are

used to model the most probable behavior of a human trainer, in the context of

learning from demonstration [54, 127, 156, 157]. Classic clustering methods range

from simple algorithms such as K-means [67] up to more comprehensive methods

using different probabilistic kernels such as Gaussian Mixture Models (GMM).

Probabilistic clustering using GMM was first suggested for speaker identification

[152, 153, 155] and has gained significant attention from numerous researchers for

data segregation in applications such as biological data evaluations [10], robotics

[8, 145], and pattern recognition [41, 103]. Recently, GMM-based learning from
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demonstration has been adopted in several domains of robotics [84, 91, 114, 118].

Although GMM has shown an acceptable modeling capacity throughout the lit-

erature, it is suffering from fundamental constraints. In general, GMM fails to

model complex demonstrations. More specifically, the performance (accuracy and

generalizability) of GMM-based techniques can be seriously challenged depending

on the symmetricity and smoothness of the data clusters. The limitations of GMM

are recognized in statistical modeling literature and can challenge complex human-

robot interactions. Thus, new fundamental mathematical derivations of an iterative

EM algorithm are required to optimize and design a descriptive mixture model.

For this reason, there has been an accelerated surge in proposing non-normal

mixture modeling approaches such as mixture models based on generalized hyper-

bolic distribution [32], general split Gaussian distribution [171], and generalized

hyperbolic factor analyzers [192]. Details can be found in [120] and references

therein. Lin et al. proposed a solution by designing the skew-normal mixture model

(SNMM) [106] based on multivariate skew normal (MSN) distribution and the

corresponding explicit EM algorithm, which mathematically relaxes the dependency

of mixture modeling on the elliptical nature of Gaussian kernels.

In order to further improve the SNMM technique and to accommodate for the

datasets with outliers and heavy tails, noted in the literature [159], a series of

efforts was initiated [94] to fundamentally replace the multivariate skew normal

kernel with the multivariate skew-t (MST) distribution kernel, which is a skewed

version of the multivariate t (MT) distribution. This attempt is due to the higher

“flexibility in reach” and generalizability that the skew-t distribution enables by

incorporating the statistical degree of freedom (DoF) denoted in the literature by ν.

Fig. 1.2 shows the schematic view of the generalizability of the multivariate skew-t

over multivariate skew normal, multivariate t, and Gaussian distributions. Thus,

ideally, the mixture modeling techniques derived from skew-t distribution would

be more reliable for modeling a mixture of clusters subject to skewness, outliers,

heavy tails, and data dropout [122].

The EM algorithm for training a mixture of multivariate skew-t distributions

cannot be implemented in closed-form since some conditional expected values

involved in this approach are mathematically intractable. Thus, there were several

attempts (such as [159] and [17]) to train a mixture model based on a simplified
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Figure 1.2: (a) Comparison of t-distribusions with zero mean, unit variance, and
various DoF values. When ν →∞, the probability density will become a Gaussian
distribution. (b) Venn diagram visualizes the relationship between multivariate
skew-t distribution over MT, MSN, and Gaussian distributions. ∆ indicates the
skewness in distribution.

formulation of skew-t distribution, which reduces the dimensionality of the skewness

matrix down to unity. Such simplification allowed researchers to propose an explicit

solution [35, 147, 184] and thus realize an estimate of skew-t mixture modeling.

However, as expected, the aforementioned simplification limited the ability and

flexibility of the resulting EM algorithm in modeling the skewness of the kernels.

1.2.2 Sub-optimality in Human Data

Kinesthetic demonstration is a common approach that allows the human to

intuitively provide examples of task conduction [13, 150]. In traditional probabilistic

LfD, after several demonstrations conducted by a trainer, the robot learning

algorithm generates a probabilistic model that encapsulates the most probable

representation of the trainer’s intuition for task conduction. The model will

generate policies needed to control the robot so that the task conduction follows the

trainer’s intuition. Probabilistic LfD methods have been recognized as a powerful

tool in teaching robots while encoding the variability in complex tasks. Some

methods include Gaussian Mixture Model-Gaussian Mixture Regression (GMM-

GMR)[87, 144], Probabilistic Movement Primitives (ProMP)[115, 142], Kernelized

Movement Primitives (KMP)[74, 170], and Gaussian Processes (GP)[49, 164].

Since existing probabilistic LfD methods equally consider all demonstrations

and uniformly use the dataset to model the dynamics of the task, their performance
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relies heavily on the quality of the demonstrated set. Thus, demonstrations should

be conducted correctly to satisfy the task’s criteria so that the robot correctly

grasps the underlying human intuition of the task. It should be noted that the

demonstration quality depends on task setting and context [116]. For example, if

the task is to move a cup filled with hot water from one location to another, the

quality may depend on the smoothness, ability to avoid obstacles in the workspace,

and whether or not the goal location was reached. However, other tasks, such as

navigating a maze as quickly as possible, may value speed over smoothness. When

providing demonstrations, a human cannot always provide the ’highest’ quality

of demonstrations that meet all requirements. As a result, the trajectories can

be suboptimal, there is a possibility of contact with obstacles or deviating from

the boundaries of the task. Such incidences may happen only for a portion of a

demonstration, or they may affect the majority of one or more demonstration(s).

Hence, demonstrations can be subject to outliers and variances in how the task was

completed, which adversely affect the overall quality of the dataset [116]. It should

be noted that the structure of the environment (for example, the locations of the

obstacles) may vary post-demonstration, causing a significant contextual difference

between the demonstration condition and the one during the task conduction.

Considering the above-mentioned challenges, the question addressed here is how to

conduct LfD while relaxing the conventional assumption of perfect task execution

by the trainer. In GMM-based LfD methods, the EM algorithm does not consider

the quality of the demonstrations nor the context/setting of the task. Therefore,

sub-optimal demonstrations need to be manually filtered out from the dataset, if

possible.

1.3 Inverse Reinforcement Learning

Regardless of how expressive probabilistic models may be, they are descriptive

rather than principled, since they model what was done, not why. They do not

infer the objective function that explains behavior, nor do they generalize well

outside observed conditions. This limitation motivates the transition to Inverse

Reinforcement Learning (IRL).
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1.3.1 Ill-posed Optimality - Underdefined Non-Optimality

IRL and Inverse Optimal Control (IOC) both aim to extract the cost function

of a task given the observation(s) of an ”expert” or ”optimal” task execution

[130]. The problem of extracting a cost function from expert observations has

several benefits. Primarily, it goes beyond explaining the expert behavior to one

environment in a particular task, and tries to explains why the task was executed

in the observed manner. Moreover, this allows for a generalized behavior of the

system facing various environments and inevitable external inputs where simply

mimicking the expert cannot be fruitful. Because of this, IRL has become attractive

for researchers in various fields such as optimal control [34], human intent inference

[111], human movement analysis [141] and humanoids [125] (cf. [4, 5] for extended

reviews of the topic).

However, extracting an optimized cost function given an expert demonstration

is challenging at best. The most important challenge is that there exists multiple

cost functions that can explain the observed expert movement, making IRL an

ill-posed problem full of local optima. This is in contrast to reinforcement learning

(RL) or optimal control (OC), where the cost and task space information is readily

available and therefore understood easily. It is also fairly complicated for IRL to

sample non-optimal demonstrations for training, and providing expert examples

for IRL is not always feasible.

1.3.2 Human Intent Ambiguity

Understanding the optimal principles that govern simple human motions such

as arm reaching is important for both neuroscience and robotics. In neuroscience,

these principles offer insight into how the central nervous system plans goal-directed

movements with a redundant musculoskeletal system and help identify deviations

from optimality in clinical populations. In robotics and human–robot interaction,

modeling human reaching as an optimal control problem enables bio-inspired

motion prediction and supports the generation of large-scale synthetic trajectories

for imitation learning.

Despite redundancy, human movements display robust invariants, suggesting

that the nervous system resolves redundancy through specific organizational prin-
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ciples often framed as optimal cost weights [23]. Although the existence of an

optimality principle is widely accepted [20, 90, 158, 176], it remains unclear how

cost weightings adapt across tasks [38] or within a single movement. For example,

individuals may slow down near the target to improve accuracy, indicating a trade-

off between task-related and body-related costs that many existing models fail to

capture [202].

Optimal control theory provides a common framework for exploring these

principles. Many models have been proposed [24, 177], yet most rely on a single

cost function per task and often yield high prediction errors. Sylla et al. [177],

using a computationally expensive bi-level method, reported average errors of about

7 degrees and values above 30 degrees for some joints, even in simple reaching tasks.

Moreover, quantitative evaluations are often missing or rely on tailored metrics

[24], raising concerns about predictive validity.

A major limitation is the difficulty of applying current IOC and IRL methods

to estimate cost weights directly from human data. Most approaches identify a

single weight set per task [105] because introducing time-varying weights leads to

a large number of parameters that standard algorithms cannot handle efficiently.

The standard bi-level formulation, in which weights are optimized through repeated

solutions of a nested optimal control problem, is computationally expensive and can

require several days of computation. This formulation is also prone to convergence

to local minima, particularly in high-dimensional settings. To address these issues,

alternative formulations based on the residuals of the Karush-Kuhn-Tucker condi-

tions have been proposed. These methods aim to eliminate the need for repeated

trajectory optimization. However, they remain highly sensitive to measurement

noise and modeling errors, both of which are common in human motion data [21, 45]

making them unsuitable for human motion analysis.

1.4 Statement of Purpose

This thesis aims to address various shortcomings in human-centered learn-

ing, through providing data-efficient algorithms to overcome data scarcity, sub-

optimality, and variability. The thesis addresses the following overarching questions:

1. How can machine learning methods extract clinically and behaviorally mean-
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ingful patterns from limited human data?

2. What modeling frameworks best represent human motion variability and

allow generalization from a small number of demonstrations?

3. How can IRL be formulated to recover intent and cost functions under sparse

observations and natural human suboptimality?

4. How can unified principles of data-efficient learning support the broader goal

of human-centered and embodied intelligence?

1.5 Outline

The outline of this thesis is as the following:

1. Part I: Learning Human Signals

• Chapter 2: LSTM and TCN models using only three physiological signals

for COVID-19 health deterioration prediction. Experimental validation

demonstrating robustness despite extremely low input dimensionality.

2. Part II: Learning Human Behavior

• Chapter 3: Development and application of a regulated skew-t based

mixture model for compact, expressive representation of human motion

and teaching data.

• Chapter 4: Representation of skew-Normal mixture regression for human

behavior extraction from intricate demonstrations.

• Chapter 5: Incorporating optimality scores in conventional GMM-based

LfD paradigm to enhance the learned behavior from human demonstra-

tions.

3. Part III: Learning Human Intent

• Chapter 6: A novel iterative IRL formulation capable of inferring cost

functions from limited and partially observed human demonstrations.
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• Chapter 7: Human objective learning through an extended IRL method

to devise subject independent cost function to define general human

intent
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Part I

Learning Human Signals
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Chapter 2

Deterioration Prediction of

COVID-19 Patients using Deep

Learning Methods

In this chapter, we aim to learn human states and the consequent temporal

changes. To solely focus on learning the human states, it is preferred to study the

human when these states are not affected by human decisions. Hence, a study

on human states when influenced by an external motivator such as a disease can

present this setting. To that aim, this chapter presents our approach for prediction

of human states for COVID-19 positive patients to determine whether or not the

patient state will deteriorate.

Unrecognized deterioration of COVID-19 patients can lead to high morbidity

and mortality. Most existing deterioration prediction models require a large number

of clinical information, typically collected in hospital settings, such as medical

images or comprehensive laboratory tests. This is infeasible for telehealth solutions

and highlights a gap in deterioration prediction models based on minimal data,

which can be recorded at a large scale in any clinic, nursing home, or even at the

patient’s home. In this study, we develop and compare two prognostic models that

predict if a patient will experience deterioration in the forthcoming 3 to 24 hours.

The models sequentially process routine triadic vital signs: (a) oxygen saturation,

(b) heart rate, and (c) temperature. These models are also provided with basic

patient information, including sex, age, vaccination status, vaccination date, and
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status of obesity, hypertension, or diabetes. The difference between the two models

is the way that the temporal dynamics of the vital signs are processed. Model #1

utilizes a temporally-dilated version of the Long-Short Term Memory model (LSTM)

for temporal processes, and Model #2 utilizes a residual temporal convolutional

network (TCN) for this purpose. We train and evaluate the models using data

collected from 37006 COVID-19 patients at NYU Langone Health in New York,

USA. The convolution-based model outperforms the LSTM based model, achieving

a high Area Under the Receiver Operating Curve (AUROC) of 0.8844−0.9336 for 3

to 24 hour deterioration prediction on a held-out test set. We also conduct occlusion

experiments to evaluate the importance of each input feature, which reveals the

significance of continuously monitoring the variation of the vital signs. Our results

show the prospect for accurate deterioration forecast using a minimum feature

set that can be relatively easily obtained using wearable devices and self-reported

patient information.

In this study, we propose two deep neural networks to model time series of

three vital signs only to predict the deterioration amongst patients with COVID-19.

The ultimate goal of this work is to provide a light and scalable prediction model

to support clinical decision-making for a wide range of patients in the long term,

including at-home patients, outpatients, and inpatients. To minimize the size of the

input feature space, we focus on three basic vital signs, namely, oxygen saturation

(SpO2), heart rate (HR), and temperature. This design choice is motivated by

the wide availability of wearable devices, such as smart watches, that can monitor

these vital signs. We specifically exclude other vital signs, such as blood pressure,

because they cannot be measured using readily available wearable systems.

To develop and evaluate the proposed models, we use real-world data collected

at NYU Langone Health between January 2020 and September 2022 (detailed in

Table 2.1). The model predicts deterioration at time horizons of 3 to 24 hours

using the vital-signs time-series data collected in the 24 hours preceding the time

of prediction (corresponding to the beginning of the prediction horizon), defined as

in-hospital mortality, admission to the intensive care unit (ICU), or intubation. We

refer to the sequential vital-sign data as SEQ data in the remainder of this chapter.

The model is also provided with a small set of features reflecting CCC, including

sex, age, vaccination status, vaccination date, and status of obesity, hypertension,
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Table 2.1: Overview of patient cohort. We summarize in this table the patient
characteristics, including demographics, and distribution of vital signs, for patients
who deteriorated and patients who did not deteriorate.
Patient Data Deterioration No Deterioration
Characteristics
Patients, n 6104 30902
Age (years), mean (SD) 66.0 (18.4) 63.1 (18.0)
Sex (females), n (%) 2539 (41.5) 17792 (57.5)
Diabetes w/o Complications, n (%) 1510 (24.7) 5582 (18.0)
Diabetes w/ Complications, n (%) 114 (1.8) 401 (1.2)
Hypertension, n (%) 2721 (44.5) 11748 (38.0)
Vaccination n (%) 2388 (39.1) 16776 (54.2)
Time since last vaccination (months),
mean (SD)

-0.67 (6.2) -0.94 (7.3)

Obesity, n (%) 1003 (16.4) 5370 (17.3)
Vital Signs
SpO2 (%), mean (SD) 95.2 (4.5) 96.2 (2.7)
HR (Beats per minute), mean (SD) 93.98 (27.1) 82.9 (18.57)
Temperature (F), mean (SD) 98.37 (1.6) 98.2 (1.4)

and diabetes (referred to as non-SEQ data).

The first model includes a temporally-dilated LSTM (TD-LSTM) network [174]

to process the SEQ data and an MLP that combines the last hidden state of the

LSTM and the non-SEQ data. The LSTM network utilizes temporal dilation to

enable access to more extended memory dynamics without exponentially increasing

the size and complexity of the computational framework. The second model utilizes

a residual temporal convolutional network (TCN) [18, 151] for SEQ data processing,

and similar to the first model, an MLP is used to combine the output of the

residual TCN blocks with the non-SEQ data. TCNs will preserve the causality of

the time-series signal while using exponentially dilated convolutions to effectively

extract features from the input signal’s full spectrum. For each prediction horizon,

a separate model is trained and optimized using the focal cross-entropy [110] loss

through a three-phase training procedure.

The results show that, in the 3 to 24 hours prediction time horizons the

model based on TCN achieves an AUROC of 0.8842-0.9237. While the results are

not directly comparable to those in existing work due to differences in data pre-
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processing, the model achieves a comparable performance. For example, the model

in [168], which uses CXR images and other clinical variables, achieves 0.765 AUROC

in predicting deterioration within 24 hours. In order to assess the significance of the

various CCC features and the importance of the temporal history of vital signs, we

also perform a sensitivity analysis through an occlusion experiment. Overall, our

work highlights the feasibility of achieving high model performance for deterioration

prediction amongst patients with COVID-19 using minimal feature sets, which

are easy to obtain not only in the hospital setting but potentially also in nursing

centers and at patient homes. The following remarks are added to further clarify

the main focus of this chapter.

• Remark #1: This chapter report on an investigation that has shown for

the first time that with deep temporal processing of only three vital signs

and a set of patient’s clinical characteristics, computational models (such as

those reported in this chapter based on TD-LSTM and TCNs) have the power

to predict the health deterioration of the patients with COVID-19 ahead

of time. This chapter also investigates the contribution and importance of

each of the vital signs and a set of comorbidity. The outcome can have a

significant impact on clinical and therapeutic management in hospitals. It

should be noted that this chapter does not claim to propose a new neural

network architecture or a training optimization algorithm, as it is out of the

scope of this chapter. Rather we focus and report on the possibility of health

deterioration prediction using only three vital signs processed by the proposed

deep neural network architectures.

• Remark #2: The dataset used in this study pertains to the patients with

COVID-19 positive tests, but the COVID-19 infection may not necessarily be

the primary reason for their hospital admission. Also, it is not possible to

isolate the reason for deterioration as COVID-19 can play a compounding

effect besides other comorbidities, the primary reason for admission, and

underlying conditions altogether could result in deterioration. This chapter

does not claim to generate a general model for any abnormal health condition;

instead, specifically, we focus on patients with positive COVID-19 tests.

• Remark #3: The proposed models in this chapter are trained on COVID-
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19-positive patients, and the chapter suggests that three major vital signs can

be processed by the proposed models to predict the deterioration of COVID-

19-positive patients. The chapter does not claim that the proposed models

can be used for other respiratory illnesses, as this would require different data

collection and possibly different architecture designs and training, which is

out of the scope of this chapter.

2.1 Methodology

Dataset All methods were carried out in accordance with relevant guidelines

and regulations. In this retrospective study, we use the “NYU Langone De-identified

COVID-19 database [1]” collected from patients at the NYU Langone facilities

between January 2020 and September 2022. The COVID-19 De-identified Clinical

Database is a de-identified dataset of clinical activity at NYU Langone Health

obtained from Epic starting January 1st, 2020. The data has been stripped of

unique identifiers and dates have been shifted by an arbitrary number of days for

each patient, which means that these data are not subject to HIPAA restrictions

on research use, and thus IRB was exempted. More information can be found here:

[1].

Data Availability The database that supports the outcomes of this paper was

obtained from the NYU Langone Health’s Medical Center Information Technology

(MCIT). This database is available to the NYU Langone Health community to

encourage exploration of the COVID-19 patient population for exploratory research,

hypothesis testing, and identification of cohorts. Restrictions do apply to the

public availability of the database. Data access is upon reasonable request and

requires permission from NYU Langone Health (more relevant information can be

found here [2]). The processed data, including figures and results supporting the

conclusion made in this study, are given in the paper and can be made available

upon reasonable requests from the authors.
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2.1.1 Data Pre-processing

We define inclusion and exclusion criteria. First, in the case of multiple patient

encounters, we use the patient’s most recent encounter. Then, we include patients

who either tested positive for COVID-19 at the facility or were already diagnosed

with COVID-19 at the time of their admission. Next, we include in-patients

with vital sign measurements. The vital signs of these patients, including SpO2,

temperature, and HR, are periodically measured and recorded roughly every 4-5

hours. For each patient, age, sex, vaccination status and time, and the presence of

comorbidities, including obesity, diabetes, and hypertension, are also recorded.

Similar to previous work (see [168] and reference therein), we define deterio-

ration as the occurrence of the composite outcome of mortality, ICU admission,

or intubation, i.e., any of the three events. For patient encounters with several

adverse events, we only consider the occurrence of the earliest deterioration event.

It should be noted that if there are multiple deteriorations of the same type (e.g.,

ICU admission) recorded for a patient more than a week apart, we only consider

the latest as the reference time of deterioration for the patient. For patients who

had deteriorated, we extracted vital sign data in the 48 hours preceding the time

of deterioration.

We use this data to define “positive” windows for each prediction horizon, where

t = 0 represents the end of the window and t = −24 represents the start of the

window, such that, for example, in the prediction horizon of 24 hours, deterioration

would have occurred at t = 24.

For patients who did not experience deterioration and were discharged, we

use the 48 hours window preceding the last vital-sign recording and similarly use

those to formulate the “negative” windows. We exclude all samples containing less

than 48 hours of vital-sign monitoring, either preceding the deterioration time or

discharge time.

To pre-process the time-series data, we first normalize the data using Z-score

normalization based on each vital sign’s mean and standard deviation. Since the

vital signs are measured at irregular intervals, we resample each time series to

obtain regularly sampled input for the LSTM and TCN networks. This resampling

is done by first interpolating the raw non-uniformly sampled data through cubic

spline interpolation and then sampling the interpolated signal every 15 minutes.
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Figure 2.1: Data pre-processing pipeline. We encode the non-SEQ data and
pre-process the SEQ data: (i) normalize via Z-score normalization, (ii) model the
time-series using cubic spline interpolation, (iii) and resample at every 15 minutes.
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Figure 2.2: Architecture of the LSTM-based deep neural network. The
SEQ vital sign network processes the SEQ data through an LSTM-based network,
whereas the non-SEQ module encompasses the non-SEQ data.

In Figure 2.1, we show a schematic summarizing the pre-processing of the raw

time-series data, which we refer to as the SEQ data.

As for the non-SEQ data, we encode patient sex, vaccination status, hypertension

status, and obesity status as binary (0 or 1). For diabetes status, we use one-

hot encoding to represent if a patient is non-diabetic ([1, 0, 0]), diabetic without

complications ([0, 1, 0]), or diabetic with complications ([0, 0, 1]). We grouped the

age into 18 different sub-groups and replaced each age with the corresponding age

sub-group (value between 1 to 18). For vaccination time, we count the number of

elapsed months between the time of the second COVID-19 vaccination shot and

the day of the time of prediction (t = 0).



23

......

...

non-SEQ
Data F 

C

F 
C

F 
C

F 
C

SEQ Vital Signs

d = 1 d = 2 d = 4 d = 8 d = 16

+

Residual TCN Block

DC
-C

on
v

DC
-C

on
v

Sl
ic

er

+

Residual TCN Block

DC
-C

on
v

DC
-C

on
v

1 x 1 Conv

Figure 2.3: Architecture of the TCN-based deep neural network. The SEQ
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2.1.2 DL-based Deterioration Prediction Model

We choose to develop and compare the performances of a LSTM-based model

and a TCN-based model, because these two model architectures are commonly used

for modeling time series data. Our proposed LSTM-based deep neural network

architecture consists of TD-LSTM layers and fully-connected (FC) layers. The

overall architecture of this network is shown in Figure 2.2, and we refer to it as the

Recurrent Sequential Vital Sign Network (RSVS-Net), consisting of two modules.

The SEQ data is processed by a module comprised of an LSTM network and a

single FC layer, while the non-SEQ data is processed by a second module consisting

of an independent FC layer. The final prediction is based on both modalities.

The TCN-based network proposed in this study includes residual TCN blocks,

and FC layers. We refer to this model as Convolutional Sequential Vital Sign

Network (CSVS-Net). The module that is processing the SEQ data in this network

consists of a series of five residual TCN blocks with exponentially enlarging kernel

dilations, and a single FC layer. The non-SEQ data processing module of the

CSVS-Net is the same as the one in RSVS-Net. The architecture of CSVS-Net is

shown in Figure 2.3. For brevity, we refer to the residual TCN blocks as R-blocks

throughout the rest of this paper.
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2.1.2.1 RSVS-Net architecture details

LSTM networks are well-known for their ability to learn from SEQ data and have

been widely used in studies where the time-series data is integral to the learning of

the system and predicting future events [198, 203]. The temporal module consists of

a temporally-dilated LSTM, which takes three vital signs as input at each time step,

and has three layers, each containing 32 hidden units. The final hidden state of the

LSTM network, consisting of a dimensionality of 32, is processed by an FC layer

with an output dimensionality of 16. The non-SEQ data, with a dimensionality of

9, is processed by a single FC layer, which computes an output of dimensionality

of 16.

Finally, the latent representations of the two modalities are concatenated as a

vector of dimensionality of 32 and then processed by an FC fusion layer with an

output dimensionality of 8. This is then followed by a single FC layer with sigmoid

activation and an output dimensionality of one, which represents the prediction

that a sample precedes deterioration or is not within the specified time horizon. All

of the FC layers use hyperbolic tangent activation except for the last layer, which

uses sigmoid activation. The RSVS-Net model has 22,209 trainable parameters.

2.1.2.2 CSVS-Net architecture details

TCN models have gained increasing attention recently for time-series data

analysis [18, 56, 69, 151, 182]. In TCNs, convolution is causal, meaning that the

convolution output at time t will only rely on the signal at time t or earlier [18].

In the CSVS-Net, the SEQ data module comprises five serialized R-blocks. Each

block has two dilated causal 1D convolutional (DC-Conv) layers. In addition, each

R-block has a residual connection, so the network would become more effective in

learning the extracted features and the modifications applied to the input signal by

the DC-Conv layers. At the end of each R-block structure, the output of the last

DC-Conv layer and the R-block’s input will be summed. Therefore, these signals

should have matching dimensions. To ensure this criteria is satisfied throughout

the model, in the first residual R-block, a 1 × 1 convolutional layer with linear

activation function is implemented in the residual connection to match the input

data dimension to the output of the DC-Conv layers.
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Figure 2.4: Application of data inclusion and exclusion criteria and distri-
bution of vital signs. (A) In this flowchart, we illustrate the application of the
inclusion and exclusion criteria, where n represents the number of patients after
each step. (B) The boxplot of the vital signs recorded from the patients at the end
of the 24-hour input window (t=0) corresponds to the prediction time. (C) The
boxplot of the vital signs recorded from the patients at the beginning of the 24-hour
input window (t=-24). We observe differences between the two groups (evaluated
using the T-test), which motivates the design of the proposed temporal model.

In CSVS-Net, all of the DC-Conv layers in the R-blocks have 28 filters, and

use hyperbolic tangent activation function. Hence, the output dimension of every

R-block is (N×28), with N being the number of samples for each feature in the vital

sign time-series signals. For 24-hour observation period for each feature, since we

have 4 samples in each hour, the length of the signal will be N = 1+ (4× 24) = 97.

For analyzing the full length of this signal, the architecture of the CSVS-Net should

be able to have a receptive field (Rfield) big enough to analyze the entire signal

length. The Rfield parameter can be computed using Equation (2.1).

Rfield = 1 + 2× (K − 1)×
B∑
i=1

di (2.1)

In Equation (2.1), K represents the filter size, B is the number of R-blocks in

the architecture, and di is the kernel dilation used at each R-block. By choosing

K = 3, B = 5, and di = 2(i−1), we will have enabled the model to gain receptive

field of 125. It should be noted that any other chosen number of R-blocks will

either result in an insufficient or unnecessarily large receptive fields for the model.
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Figure 2.5: Distribution of samples over time. We show the number of patients
who deteriorated vs. those who did not deteriorate in our final filtered dataset
(n=37,006).

Finally, a ”slicer” layer is implemented at the end of the R-block chain, which only

passes through the last array of the final R-block’s output. Hence, the dimension

of the slicer layer output is (1× 28). Thereafter, this 1× 28 vector is processed by

an FC layer with dimensionality of 16. The rest of the layers in the CSVS-Net are

the same as the ones in RSVS-Net. The CSVS-Net model has 22,709 trainable

parameters.

2.1.2.3 Three-Phase Training Strategy

In order to optimize the performance of the proposed network, the training

strategy consists of three phases, as described below.

• Phase 1: Training of SEQ module

In the first phase, we train the SEQ module only and freeze all other layers.

The output of the FC layer in the SEQ module is connected to another FC

layer that computes the prediction. After this training phase, the weights are

used to pre-initialize the SEQ module in the next phase, and we remove the

second FC layer used to compute predictions during pre-training in the first

phase.

• Phase 2: Training of fusion layer

In the second phase, we compute the representations of the SEQ data after

initializing the associated module with the weights obtained in the first phase,
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and then freeze the SEQ module. We then train the FC layer, FC fusion

layer, and the FC output prediction layer using the non-SEQ data.

• Phase 3: End-to-end fine-tuning of RSVS-Net and CSVS-Net

In the last phase, we initialize the parameters of the entire network using the

weights obtained in the first two phases. The network is trained end-to-end,

to improve the overall network performance.

2.1.2.4 Model Training and Evaluation

To train and evaluate the models, we divide the entire dataset into training,

validation, and testing sets, with percentages of 66.6%, 16.6%, and 16.6%, respec-

tively. Each dataset has the same distribution of positive and negative samples.

The final performance results are obtained by evaluating the trained models on the

test dataset.

We train the models using the training set for 200 epochs using the three-phase

training strategy. For the first and second phases, we choose a learning rate of

0.0001 based on initial experimentation and a learning rate of 0.00001 for the final

fine-tuning stage. For all phases, we use the ADAM optimizer [88] with β1 = 0.9,

β2 = 0.999, ϵ = 10−8. After training for 200 epochs, the best model is selected

based on the epoch with the least validation loss across all epochs. We evaluate the

models on the test set. We use the binary focal cross-entropy loss [110] in order to

manage class imbalance in the dataset. We evaluate the models’ performance using

three widely used metrics for binary classification: accuracy (with a 0.5 threshold

to convert the predicted probability into binary), AUROC, and Area Under the

Precision-Recall Curve (AUPRC).

2.2 Results and Discussion

2.2.1 Patient Cohort

In Figure 2.4(A), we show the application of the inclusion and exclusion criteria.

This resulted in 37,006 patient samples, including 6,104 positive samples and 30,902

negative samples. Table 2.1 summarizes the characteristics of the patients. In

Figure 2.4(B), we show the differences in vital signs of the two cohorts at t = 0,
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while in Figure 2.4(C), we show the differences in vital signs between the two cohorts

at t = −24. Using t-test statistical analysis, it can be seen that the difference

between the two cohorts is statistically significant even as early as 24 hours before

deterioration. This motivates the use of the proposed DL to decode the hidden

pattern differentiating the two cohorts. In Figure 2.5, we show the distribution of

the admitted patients over time.

2.2.2 Model Performance

The final model performances are summarized in Table 2.2 and also shown in

Figure 2.6 after the three-phase training strategy. The performance of the RSVS-

Net at the 24 hours time horizon reaches 86.67% accuracy, 0.8278 AUROC, and

0.5805 AUPRC. Moreover, CSVS-Net achieves 89.75% accuracy, 0.8844 AUROC,

and 0.7227 AUPRC, at the 24-hour time horizon, significantly outperforming

the LSTM-based model. As expected the prediction accuracy improves as the

prediction horizon reduces. We suspect that the convolution-based model (CSVS-

Net) outperformed the LSTM-based model (RSVS-Net) because the former was

able to extract and exploit features from all the vital signs in the observation window

relatively equally, while the LSTM model may reduce the contribution of the far

away samples. As shown in Figure 2.6, AUROC and AUPRC consistently improve

at all prediction horizons after each training phase. By comparing the performance

of the three phases of training, it can be observed that the adopted three-phase

training strategy boosts the model’s performance by forcing the network to extract

information initially from the SEQ data and, in the end, from a combination of

SEQ and non-SEQ data. The improvement can be seen in accuracy, AUROC, and

AUPRC. Although the datasets used in similar studies

2.2.3 Ablation Studies

In order to understand the impact of our design choices within the model

architecture, we compare our models to two other networks. The first model,

referred to as Memory-Less Vital Sign Network (MLVS-Net), processes the non-

SEQ data and only the last set of vital signs collected from the patient, ignoring

any sequential information. Hence, instead of using a TD-LSTM or R-blocks, we
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Table 2.2: Model performance. Performance summary of the proposed networks
for three phases of training at all horizons.
Prediction
horizon
(hours)

3 6 9 12 15 18 21 24

RSVS-Net

Accuracy 0.882 0.80 0.873 0.874 0.868 0.868 0.870 0.866

AUROC 0.875 0.859 0.848 0.832 0.832 0.822 0.820 0.827

AUPRC 0.656 0.649 0.609 0.593 0.590 0.578 0.578 0.580

CSVS-Net

Accuracy 0.913 0.909 0.910 0.906 0.902 0.903 0.900 0.897

AUROC 0.933 0.921 0.910 0.897 0.896 0.896 0.884 0.884

AUPRC 0.805 0.789 0.775 0.751 0.743 0.746 0.728 0.722

process the vital-sign data (3 features) with an MLP consisting of two FC layers

with an output dimensionality of 16 each. The computed representation of the

MLP is then concatenated with the representation of the non-SEQ data. We train

the model in a similar fashion using the three-phase training strategy, and we freeze

the weights of the MLP network in phase two. The second model, referred to as

the non-Sequential Health Status Network (nSHS-Net), only considers the non-SEQ

data. Hence, the output of the FC layer is processed by a second FC layer to

generate the prediction.

We compare the three models in Figure 2.7. First, we observe that nSHS-Net

performs the worst, implying that incorporating vital signs is crucial for the model

prediction. When comparing MLVS-Net to RSVS-Net and CSVS-Net, we observe

a better performance with our proposed models across all prediction horizons and

evaluation metrics. This implies that incorporating sequential information can

significantly improve the model’s capability in predicting deterioration relative to

using a single measurement of vital signs. As already shown in Figure 2.6, among

the two proposed models, the CSVS-Net significantly outperforms the RSVS-Net.

The numerical results of Figure 2.7 are summarized in Appendix A.

2.2.4 Occlusion Analysis

In order to assess the influence of each input variable, we conduct an occlusion

analysis on the final optimized model. In particular, we occlude one feature at a
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Figure 2.6: Performance results after each phase in the training strategy across all
prediction horizons.

time (by setting the corresponding values to zero) and evaluate the performance on

the test set. The greater the reduction in the performance metrics upon feature

occlusion, the more important the feature is for the prediction. The results of

this analysis are shown in Figure 2.8. As shown in Figure 2.8(A), amongst the

non-SEQ features, we observe that age plays the most significant role in the

model’s performance. The other CCC features have less impact once occluded

and do not have consistent trends across the different performance metrics and

prediction horizons. It should be noted that due to the correlation between the

various features, some features may be relevant to the prediction task yet are not

considered to be important by this occlusion analysis. For example, if one CCC

feature affects the variations in the vital signs over time, then the model would

capture the corresponding effect. In this case, the occlusion analysis may show that

this CCC feature is unimportant. However, when a feature shows low sensitivity

through the occlusion study, the need for that feature to be given to the model

as an “independent” input is insignificant. Among the SEQ features, for both

models, we observe heart rate as the most important feature, followed by SpO2

and temperature. For CSVS-Net, the temperature occlusion shows minuscule effect
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Figure 2.7: Ablation study results. Performance results for RSVS-Net and
CSVS-Net (Input: non-SEQ data and SEQ vital sign data), MLVS-Net (Input:
non-SEQ data and a single set of vital signs), and nSHS-Net (Input: non-SEQ
only).

in the model performance. This is an interesting observation, possibly because the

CSVS-Net model was able to capture the information encoded in the change in

temperature using the observations on the change in the heart rate and/or SpO2.

In other words, the inter-dependencies between the vital signs could be the cause

of this observation. It should be highlighted that in Figure 2.8, we have shown

that the vital signs are more important than the clinical and comorbidity features,

and SEQ vital signs bring additional information than the current vital signs only.

The observation here matches the aforementioned analysis. Numerical results of

Figure 2.8 are given in Appendix I.

2.2.5 Experimenting with Shorter Observation Windows

In the previous section, we show the importance and significance of the time

history of the vital signs for predicting the deterioration of COVID-19 patients,

considering an observation window of 24 hours. It is also important to evaluate the

behavior of the proposed model for different windows of observation. Thus, here, we

analyze system performance for three shorter windows of observation (with lengths

of 6 hours, 12 hours, and 18 hours). It should be noted that for this analysis, the

proposed RSVS-Net and CSVS-Net models, which were trained by observing 24

hours of patient data, were “evaluated” for 6, 12, and 18 hours of the observation

period. Both RSVS-Net and CSVS-Net models were not retrained for these shorter

windows of observation in order to evaluate the performance of a single model for

various input windows. The results of this analysis are shown in Figure 2.9. As can
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Figure 2.8: Occlusion analysis: (A): Occlusion of the clinical and comorbidity
characteristics. Observation: Occlusion of Age decreases performance more sig-
nificantly than others. (B): Occlusion of SEQ vital sign data. Observation: the
HR contributes more significantly to the model performance than the SpO2 and
temperature.

be seen, by decreasing the duration of the observation window, the performance
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Figure 2.9: Various observation windows (6 to 24 hours). The legend of the
figures indicates the observation duration. Performance results of the RSVS-Net
and CSVS-Net given different observation duration.

drops. The drop in performance caused by the shorter observation is likely caused

by the lack of information used in the model to predict the deterioration event

ahead. This analysis further highlights the importance of continual and prolonged

monitoring, which may motivate using smart wearable medical systems.

2.2.6 Comparison with COVID-19 Negative Patient Data

In order to further evaluate the performance of CSVS-Net, we trained this

model on the dataset containing the same set of SEQ and non-SEQ biomarkers

derived from the patient cohort without the positive COVID-19 diagnosis (as seen in

Figure 2.4(A)). This dataset includes 2508 deteriorated and 48395 non-deteriorated

patient data after pre-processing (mentioned in Section 2.1.1). The ratio of non-

deteriorated to deteriorated patients in this dataset is noticeably higher than the

COVID-19 positive dataset, which corroborates the effect of COVID-19 on patient

health deterioration. The performance of the CSVS-Net model on this new dataset

and the occlusion analysis are presented in Figures 2.10 and 2.11, respectively. It

can be seen that although the accuracy of this model is slightly higher than the
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CSVS-Net model trained on the COVID-19 positive patient dataset, AUROC follows

a lower trend in comparison, and AUPRC is significantly lower. The low AUPRC

conveys that the proposed model is not able to secure the same level of sensitivity to

differentiate between the to-be-deteriorated and to-be-not-deteriorated subjects, as

it is able to do so for the COVID-19-positive patient data. This behavior can stem

from the heterogeneity of the COVID-19-negative patient data, which can point out

that health deterioration prediction should be investigated using disease-specific

models; also, it may highlight that a generic model may not be able to secure the

needed sensitivity. In other words, the results show that even though the three

proposed biomarkers (heart rate, SpO2, and temperature) can provide a sensitive

prediction of deterioration for COVID-19-positive patients, they are not able to

secure the same level of sensitivity for a generic patient population.

The results shown in Figure 2.11(A) suggest that among non-sequential biomark-

ers, occlusion of age has the highest effect on the performance of the model trained

on the COVID-19-negative patient cohort. This is the same case for COVID-19-

positive patients for the proposed CSVS-Net model.

Moreover, in contrast to the CSVS-Net model trained on the COVID-19 positive

dataset, the most significant SEQ vital sign that affects the model’s performance

when trained on COVID-19 negative dataset is SpO2, followed by heart rate and

temperature, respectively, as seen on Figure 2.11(B). These results, compared

with the results presented in Figure 2.8(B), show that the occlusion of heart rate

will result in a more significant drop in the performance for COVID-19-positive

cases, which may suggest that the temporal dynamics of the heart rate and the

corresponding temporal variations are distinctly more critical for detecting health

deterioration for COVID-positive patients than for COVID-19-negative patients.

Given this observation, the heart rate may be considered as a potentially unique

biomarker for COVID-19 health deterioration prediction using the proposed CSVS-

Net model.

2.3 Conclusion

This study is motivated by the high availability of personal medical devices,

such as wearable systems (e.g., smart watches), that can record time-series medical
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Figure 2.10: Performance comparison of CSVS-Net trained on COVID-
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and AUROC metrics of the model trained on the COVID-19 negative cohort are
comparable to those of the model trained on the COVID-19 positive cohort, while
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Figure 2.11: Occlusion analysis for COVID-19 Negative Patient Cohort:
(A): Occlusion of the clinical and comorbidity characteristics. Observation: Occlu-
sion of Age decreases performance more significantly than others. (B): Occlusion of
SEQ vital sign data. Observation: SpO2 vital sign has more impact on the model
performance than HR and temperature.

data and the prospects of using such devices in the context of telehealth to predict

deterioration. In summary, we propose, develop, and evaluate a deterioration
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prediction model using a large dataset (n=37,006) collected at NYU Langone

Health during the period of January 2020 to September 2022. The CSVS-Net

achieves a high AUROC of 0.8844-0.9336 in 3 to 24 hours prediction horizons and

outperformed the RSVS-Net. Our study has several strengths. First, the models

use a minimal input feature set consisting of a time series of three routine vital

signs, i.e., SpO2, heart rate, and temperature. The models are also provided with

basic patient information, including sex, age, vaccination status, vaccination date,

and presence of obesity, hypertension, and diabetes, which can be easily collected.

Compared to previous work [168] that achieved 0.765 AUORC, our model achieves

a better performance. Furthermore, our models were trained and evaluated using

much smaller and more accessible data modalities (excluding any sophisticated

imaging, such as CT scans). We do note that the model in [168] was trained with

significantly fewer data points (number of patients) than ours, and hence this can

be another reason on the difference in performance. In addition, we also performed

a sensitivity analysis through an occlusion experiment and an ablation study on

various inputs including the vital signs, to assess the significance of the various

clinical and comorbidity features and the importance of using time-series vital-signs

data. The results showed the importance of modeling the temporal variations of

vital signs and the possibility of achieving high prognosis accuracy without the

need for sophisticated medical imaging. Finally, the proposed framework is scalable

as it can be extended for other prediction horizon ranges and observation periods.

The limitations of the proposed work include the following. First, our observation

windows for the vital signs are tested only for 6 to 24 hours. We showed that

reducing the window lengths leads to degraded performance. In future work, we

are interested in evaluating if further increasing the observation window would

significantly improve the prediction accuracy. Second, we acknowledge that the

final results can be further improved via hyperparameter tuning, including the

number of network layers, the number of feature channels, and convolution kernel

sizes, and this is an area of future work. To conclude, this chapter highlights the

feasibility of an accessible and scalable model to help assist the medical workforce

in decision-making. The proposed model’s versatility is important, as the data

types needed for predicting the deterioration can be easily acquired from patients

using wearable sensors and a few clinical data features that can be self-reported.
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Part II

Learning Human Behavior
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Chapter 3

FiMReSt: Finite Mixture of

Multivariate Regulated Skew-t

Kernels

Recently skew-t mixture models have been introduced as a flexible probabilistic

modeling technique taking into account both skewness in data clusters and the

statistical degree of freedom (DoF) to improve modeling generalizability, and

robustness to heavy tails and skewness. This chapter provides insights into the

instability of the DoF, which can result in the divergence of the kernels from the

mixture of t-distribution, losing generalizability and power for modeling the outliers.

Thus, in this chapter, we propose a regularized iterative optimization process

to train the mixture model, enhancing the generalizability and resiliency of the

technique. The resulting mixture model is named Finite Mixture of Multivariate

Regulated Skew-t (FiMReSt) Kernels, which stabilizes the DoF profile during

optimization process of learning. To validate the performance, we have conducted

a comprehensive experiment on several real-world datasets and a synthetic dataset.

The results highlight (a) superior performance of the FiMReSt, (b) generalizability

in the presence of outliers, and (c) convergence of DoF.

In order to expand the previous simplified versions of the mixture models based

on skew-t distribution to harness its inherent flexibility, in [108], Lin proposed the

use of the Monte Carlo EM (MCEM) algorithm [191] to numerically estimate the

expected values needed in the corresponding EM approach. However, the resulting
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method suffered from slow convergence and inaccurate expectations due to the

numerical nature of MCEM. Finally, in an extended effort, Lee et al. [92] proposed

a closed-form EM algorithm for training skew-t mixture model (STMM), using a

new formulation for estimating one of the intractable conditional expected values of

the latent variables using one-step-late (OSL) estimation approach [64], while using

the formulations proposed by Ho et al. [71], to express the other two intractable

expected values (using the first and second moments of truncated multivariate

t-distribution).

However, in [92], the skewness matrix was assumed to be diagonal. This

restriction was solved in [97] by proposing a finite mixture of canonical fundamental

skew-t (FM-CFUST) distribution using the OSL-based EM algorithm to incorporate

full skewness matrices for the clusters. This model was designed aiming for the

highest optimality compared to its counterparts since it exploits the complete

skewness matrix as opposed to the STMM model.

Although probabilistic clustering has shown to be effective in modeling mul-

tivariate datasets, the numerical methods utilized for fitting such probabilistic

models can be suboptimal. In this chapter, we will show that due to the non-convex

nature of the existing iterative optimization approaches (such as the one in [97])

for skew-t kernels, some MST kernel’s DoF will be monotonically increasing which

converges the t-distribusion to a normal distribution. This problem makes the

optimization process prone to local minima caused by suboptimal normal or skew-

normal kernels. Thus, in this chapter, a new mathematical EM-type algorithm

called expectation-regularization-maximization (ERM) is developed for an iterative

optimization that can generate a mixture model of skew-t kernels with a ”regulated

DoF”. Subsequently, a finite mixture of regularized skew-t kernels (FiMReSt)

distribution is generated, which can model a mixture of skew-t distribution while

avoiding ever-increasing values of DoF. The algorithm was tested on asymmetri-

cally scattered datasets to validate the performance. The results show that the

proposed approach has a superior behavior taking advantage of a bounded DoF

with minimum to no sensitivity to initialization as opposed to the counterparts in

the literature.
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3.1 Preliminaries

In this chapter, random variables are shown by upper case letters such as X,

and the corresponding values are shown in lower case. Also, where z indicates a

scalar value, boldened letters z are used to indicate vectors or matrices. In the

literature, a weighted summation of multiple multivariate skew-t distributions is

shown as seen in Eq. (3.1) [98].

f(y|Θ) =

g∑
i=1

ωiMSTp,νi(y|µi,Σi,∆i) (3.1)

subject to
g∑

i=1

ωi = 1 (3.2)

In Eq. (3.1), g is the number of p-dimensional multivariate skew-t distribution clus-

ters in the mixture model, denoted as MSTp,ν(µ,Σ,∆), and i subscript addresses

the parameters associated with the ith cluster in the mixture model. In addition,

y is the input vector, and Θ is the set that contains the defining parameters for

all multivariate skew-t kernels in the mixture model. The defining parameters for

each cluster include a p × 1 mean vector µ, a p × p symmetric positive-definite

covariance matrix Σ, a p× p skewness matrix ∆, and a scalar value ν as DoF.

The multivariate skew-t distribution, denoted as MSTp,ν(µ,Σ,∆) in Eq. (3.1),

is a member of the skew elliptical distribution family [159]. The PDF of this

distribution is calculated using Eq. (3.3) as can be seen in

MSTp,ν(µ,Σ,∆) = 2ptp,ν(y|µ,Ω)Tp,ν′(y
⋆|0,Λ). (3.3)

In Eq.(3.3), tp,ν(y|µ,Ω) is the PDF of the p-dimensional t-distribution (t-PDF)

for random vector y, where µ is a p × 1 mean vector, Ω is a positive-definite

symmetrical p × p covariance matrix, and ν is the scalar DoF parameter which

can range from 2 to infinity for multivariate cases. In addition, Tp,ν′(y
⋆|0,Λ) is

the p-dimensional t-distribution cumulative density function (t-CDF) for a random

vector y⋆, given 0 as the mean, Λ as positive-definite symmetrical covariance

matrix, and ν ′ as the DoF.

This distribution represents a general class from which different PDFs can be
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obtained. When there is zero skewness (i.e., ∆ = 0), the multivariate skew-t PDF

represents a multivariate t-distribution, and when DoF becomes a large scalar (i.e.,

ν →∞), the multivariate skew-t PDF converge to the multivariate skew-normal

distribution. In the case where there is no skewness and the DoF is large, the

multivariate skew-t distribution will become a Gaussian distribution Np(x|µ,Σ).

(Seen in Fig. 1.2(b)).

The parameters (Ω, y⋆, c(y), Λ, d(y), ν ′) in Eq. (3.3) defines the multivariate

skew-t PDF and are explained as follows.

Ω = Σ + ∆T∆

y⋆ = c(y)

√
ν + p

ν + d(y)

c(y) = ∆TΩ−1(y − µ)

Λ = Ip − ∆TΩ−1∆

d(y) = (y − µ)TΩ−1(y − µ)

ν ′ = ν + p

In addition, the p-dimensional t-PDF (i.e., tp,ν(y|µ,Ω)) used in Eq (3), can be

calculated as follows. In the mentioned equations above, d(y) is the squared

Mahalanobis distance between y and µ with respect to Ω [19].

tp,ν(y|µ,Ω) =
Γ(ν+p

2
)

Γ(ν
2
)(νπ)p/2

|Ω|−1/2

{
1 +

(y − µ)TΩ−1(y − µ)

ν

−(ν+p)/2
}

(3.4)

In Eq. (3.4), y is a random p-dimensional vector, µ is the p× 1 mean vector, Ω is

the p× p positive-definite symmetrical covariance matrix, ν is the DoF, and Γ(.)

denotes the gamma function.

It should be highlighted that there is no analytical closed-form formulation

available for t-CDF in Eq. (3.3) [119]. Instead, it is estimated using direct integration

of t-PDF or numerical approximations. In this chapter, for estimating the t-CDF,

the numerical approximation proposed by Genz et al., [63] is used.

For fitting a mixture model of multivariate skew-t distributions on a dataset,

an MLE method would be needed to maximize the fitness of the model (i.e., log-

likelihood) over the given dataset by iteratively optimizing the defining parameters
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of the kernels. For this process on n observations (datapoints), the log-likelihood

can be calculated using Eq. (3.5).

l(Θ,y) =
n∑

j=1

log

(
g∑

i=1

ωifp,νi(yj|µi,Σi,∆i)

)
(3.5)

In order to maximize this value in the MLE process, an EM algorithm is proposed in

the literature [95] to iteratively update the defining parameters until the convergence

of the log-likelihood value. The EM algorithm contains two steps:

1. E-Step: In this step, the expected value of the mixture model’s log-likelihood

will be computed given the current defining parameters of the model using

Eq. (3.6).

Q(Θ|Θ̂
(k)
) = E(l(Θ,y)|y, Θ̂

(k)
) (3.6)

In Eq. (3.6), the term Θ̂
(k)

denotes the set of mixture model’s defining param-

eter at EM-algorithm’s kth iteration, and E(.) is the expectation operator.

2. M-Step: In this step, the Q-function calculated in the E-Step will be maxi-

mized as in Eq. (3.7).

Θ(k+1) = argmax
Θ

Q(Θ|Θ(k)) (3.7)

In Section 3.2, we will analyze an inherent issue with the EM algorithm for

training multivariate skew-t mixture models.

3.2 ERM Algorithm

Although the EM algorithm converges for the mixture models with lower

complexity, such as SNMM, we observe that for more complex models such as

FM-CFUST, due to non-convex characteristics of the optimization, the convergence

of the DoF parameter is not guaranteed. An example is given in Fig. 3.1 for a

2D dataset with 2 clusters. It can be observed that as the number of iterations

increases, the log-likelihood will converge to a certain value, while the DoF of one of

the FM-CFUST kernels will diverge. This phenomenon is called the DoF instability



44

in this chapter. Based on the mathematical representation of the multivariate

skew-t distribution in Section 3.1, this monotonic increase of DoF will force the

associated cluster to become a multivariate “skew-normal” distribution, which

is inherently less flexible than the multivariate skew-t counterpart, affecting the

generalizability (and robustness to outliers) by reaching a sub-optimal fit over the

dataset.

D
ivergence

Convergence

Figure 3.1: Example of DoF instability when fitting a FM-CFUST model over AIS
2D dataset (discussed in Section 3.3.1)

In the existing examples for fitting Skew-t mixture models, this issue is sup-

pressed by either not updating the DoF value in the EM algorithm iterations if

it exceeds a pre-defined heuristic value (e.g., 200) [96], or manually fixing/tuning

the DoF [121]. This manual manipulation will impact the iterative mathematical

process by blocking parts of the designed process. Thus in this work, we propose a

regularization step as part of the optimization process to theoretically stabilize the

DoF and avoid heuristic fixes while augmenting the generalizability of the proposed

framework for unseen data points.

To avoid the DoF instability that can result in local minima generated by a nor-

mal or skew-normal kernel, a regularization step is implemented as an intermediate

step between the E-Step and M-Step for the mixture of multivariate skew-t distribu-

tions with full skewness matrices. In this step, which henceforth will be addressed as

R-Step, the expected value of the log-likelihood will be regulated using a monotoni-

cally increasing radially unbounded regularization function of DoF. We name the

resulting iterative algorithm as Expectation-Regularization-Maximization (ERM)

algorithm, and the following equations represent the mathematical expressions of
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each step for the proposed ERM method:

1. E-Step:

Q(Θ|Θ̂
(k)
) = E(l(Θ,y)|y, Θ̂

(k)
) (3.8)

2. R-Step:

Q′(Θ|Θ̂
(k)
) = Q(Θ|Θ̂

(k)
)−α(ν(k)) (3.9)

3. M-Step:

Θ(k+1) = argmax
Θ

Q′(Θ|Θ(k)) (3.10)

In Eq. (3.9), α(ν(k)) is the regularization function, and in this study, we define it as

α(ν(k)) = Bν(k), in whichB is a g×g diagonal matrix such thatB = diag(β) where

β = [β1, β2, . . . , βg], and ν(k) = [ν
(k)
1 , ν

(k)
2 , . . . , ν

(k)
g ]T . We refer to the β parameter

as the first order penalty vector. We refer to the mixture model resulting from

ERM algorithm as finite mixture of regulated skew-t kernels. The full algorithmic

representation of the proposed ERM method is given in Algorithm 1.

3.2.1 E-Step

In order to fit an optimal multivariate skew-t mixture model (based on the

MLE process) we should find the solution that maximizes the expected value of the

log-likelihood (i.e., the Q-function). To calculate this expected value, it is needed to

denote the log-likelihood in terms of the latent random variables of the hierarchical

representation of the multivariate skew-t mixture model [101] so that the likelihood

of each observation is treated separately and independently of other observations in

the dataset. This probabilistic representation is explained in Appendix B. In order

to compute the Q-function given the latent variables, five conditional expected

values should be computed which will be used thereafter in the M-Step. These

conditional expectations are denoted as follows.
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z
(k)
ij = EΘ(k)(Zij|yj)

e
(k)
1,ij = EΘ(k)(log(Wj)|yj, zij = 1)

e
(k)
2,ij = EΘ(k)(Wj|yj, zij = 1)

e
(k)
3,ij = EΘ(k)(WjU j|yj, zij = 1)

e
(k)
4,ij = EΘ(k)(WjU jU

T
j |yj, zij = 1)

In the aforementioned probabilistic expressions, EΘ(k) is the expectation operator

given the estimated set of parameters Θ(k) at kth iteration. Although e1, e3, and

e4 are originally intractable expectations and cannot be written in closed form, by

using one-step-late (OSL) approach [65] for e1 in Eq. (3.12), and expressing e3 and

e4 in terms of the first and second moments of the truncated t-distribution (See

Appendix C) respectively [72, 93], the E-step can be executed in the closed form

using the expressions in Eqs. (3.11)-(3.15).

z
(k)
ij =

ω
(k)
i f

p,ν
(k)
i
(y

(k)
j |µ

(k)
i ,Σ

(k)
i ,∆

(k)
i )∑g

i=1 ω
(k)
i f

p,ν
(k)
i
(y

(k)
j |µ

(k)
i ,Σ

(k)
i ,∆

(k)
i )

(3.11)

e
(k)
1,ij = e

(k)
2,ij − log

(
ν
(k)
i + d

(k)
i (yj)

2

)
−
(

ν
(k)
i + p

ν
(k)
i + d

(k)
i

)
− ψ(ν

(k)
i + p

2
) (3.12)

e
(k)
2,ij =

(
ν
(k)
i + p

ν
(k)
i + d

(k)
i (yj)

)T
p,ν

(k)
i +p+2

(y
(k)
2,j |0,Λ

(k)
i )

T
p,ν

(k)
i +p

(y
(k)
1,j |0,Λ

(k)
i )

(3.13)

e
(k)
3,ij = e

(k)
2,ijEΘ(k)(U ij|yj) (3.14)

e
(k)
4,ij = e

(k)
2,ijEΘ(k)(U ijU

T
ij|yj) (3.15)

In Eq. (3.12), ψ(.) is the Digamma function, and in Eq. (3.13), for y1,j and y2,j we
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have:

y1,j = ci(yj)

√
ν(k) + p

ν(k) + d(k)(yj)

y2,j = ci(yj)

√
ν(k) + p+ 2

ν(k) + d(k)(yj)

In Eq. (3.14) and Eq. (3.15), the latent variable U ij is distributed by truncated t

distribution denoted as:

U ij|yj ∼ ttp,ν(k)+p+2

(
c
(k)
i (yj),

(ν(k) + d
(k)
i (yj)

ν(k) + p+ 2

)
Λ

(k)
i ;R+

p

)

where p indicates the dataset dimensionality, (ν(k) + p + 2) is the DoF, c
(k)
i (yj)

is the mean,
(

ν(k)+d
(k)
i (yj)

ν(k)+p+2

)
Λ

(k)
i is the covariance, and R+

p is the p-dimensional

truncation hyperplane (that indicates that the probability only exists in the real

positive p-dimensional hyperspace). The details on how to compute the first and

second moments of truncated t distribution [135, 139], i.e., EΘ(k)(U ij|yj) and

EΘ(k)(U ijU
T
ij|yj), are discussed in Appendix C.

3.2.2 R-Step

To avoid DoF instability, we regulate the Q-function in the R-Step using the

monotonically increasing radially unbounded regularization function of DoF (i.e.,

Bν(k)), as seen in Eq. (3.16). This regularization will act as a penalty term when

combined with the expected value of the log-likelihood and thus penalizes the

sub-optimal excessive increase in the DoF values throughout the course of the ERM

optimization, keeping the model as a multivariate skew-t mixture.

Q′(Θ|Θ̂
(k)
) = Q(Θ|Θ̂

(k)
)−Bν(k) (3.16)

The resulting regulated Q′-function will be used in the M-Step of the proposed

ERM algorithm for multivariate skew-t based mixture models. This will inject the



48

regulation needed for the ERM algorithm to modulate the updating dynamics of

DoF and to avoid the DoF instability which would result in suboptimal normal or

skew-normal clusters in the final mixture model. The effect of the penalty vector on

the DoF convergence during the ERM algorithm iterations is discussed in Section

3.3.3, and the results of our study showed the superior performance of the proposed

method in comparison to the existing counterparts.

3.2.3 M-Step

For the M-step, using Θ(k) and the calculations in the E-step, the parameters

for the mixture model are updated for the (k + 1)th iteration to ensure global

maximization of the Q′-function, as seen in Eq. (3.10). This expression yields the

following steps in Eqs. (3.17)-(3.20) for updating the mixing proportion, mean

vector, covariance matrix, and skewness matrix for each cluster.

ω
(k+1)
i =

1

n

n∑
j=1

z
(k)
ij (3.17)

µ
(k+1)
i =

∑n
j=1 z

(k)
ij e

(k)
2,ijyj −∆

(k)
i

∑n
j=1 z

(k)
ij e

(k)
3,ij∑n

j=1 z
(k)
ij e

(k)
2,ij

(3.18)

∆
(k+1)
i =

( n∑
j=1

z
(k)
ij (yj − µ

(k+1)
i )e

(k)
3,ij

)( n∑
j=1

z
(k)
ij e

(k)
4,ij

)−1

(3.19)

Σ
(k+1)
i =

( n∑
j=1

z
(k)
ij

[
e
(k)
ij (yj − µ

(k+1)
i )(yj − µ

(k+1)
i )T −∆

(k+1)
i e

(k)
3,ij(yj − µ

(k+1)
i )T

− (yj − µ
(k+1)
i )e

(k)
3,ij∆

(k+1)
i +∆

(k+1)
i e

(k)
4,ij∆

(k+1)T
i

])( n∑
j=1

z
(k)
ij

)−1

(3.20)

Ultimately, for updating the DoF for each cluster, the maximization process is

done by solving Eq. (3.21) for ν
(k+1)
i , which is the derivative of the Q′-function with

respect to the DoF when equated to zero.

log(
ν
(k+1)
i

2
)− ψ(ν

(k+1)
i

2
) + 1−

∑n
j=1 z

(k)
ij (e

(k)
2,ij − e

(k)
1,ij)∑n

j=1 z
(k)
ij

− ∂α(ν
(k+1)
i )

∂ν
(k+1)
i

= 0 (3.21)
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Algorithm 1 shows how this approach can be implemented to train this distri-

bution based on a given dataset y.

Algorithm 1 FiMReSt Distribution
Input: y, g
Output: µ,∆,Σ,ν,ω, l

Initialisation : µ(0),∆(0),Σ(0),ν(0),ω(0) [95]
1: Set δν, δl, α(ν)
2: k ← 1, t1 ← δν + 1, t2 ← δl + 1
3: while (|t1| > δν) and (|t2| > δl) do

4: Compute: Z, e
(k)
1 , e

(k)
2 , e

(k)
3 , e

(k)
4 using Eqs. (3.11)-(3.15)

5: Compute: ω(k),µ(k),∆(k),Σ(k) using Eqs. (3.17)-(3.20)
6: Solve Eq. (3.21) to update ν(k)

7: Compute: l(k) =
∑n

j=1 log (
∑g

i=1 ωifp,νi(y|µi,Σi,∆i))
8: if (k > 2) then
9: t1 ← (ν(k) − ν(k−1))
10: t2 ← (l(k) − l(k−1))
11: end if
12: k ← k + 1
13: end while
14: return µ,∆,Σ,ν,ω, l

3.3 Results

In this section, we present the results of the FiMReSt implementation and

the comparison of this new form of mixture modeling with previously proposed

techniques (namely GMM, SNMM, STMM, and FM-CFUST) on several datasets

(including experimental and synthetic). Also, we evaluate the dependency of the

proposed model on the initial values of DoF in addition to the effect of the penalty

vector on the DoF convergence.

3.3.1 Datasets

3.3.1.1 Australian Institute of Sport (AIS) Dataset

In this work, we utilize the AIS dataset, which is used frequently in the literature

(e.g., [95, 98]) due to the size and inherent asymmetry that would provide a valuable
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framework for evaluating the performance of various probabilistic mixture models.

This dataset contains 13 different measurements, such as body fat and body mass

index, from 202 male and female athletes [46]. In this study, we extract two

sub-datasets.The first (that will be referred to as the AIS 2D dataset in the rest of

this paper) is a bivariate set containing height in centimeters and percentage of

body fat. The second (that will be referred to as the AIS 3D dataset in the rest of

this paper) is a trivariate (3D) set that contains body mass index, lean body mass,

and body fat.

3.3.1.2 Neck Muscle Activity Coherence Dataset

We test the performance of the FiMReSt model on three different datasets

extracted from the muscle activity frequency coherence database acquired by our

team at NYU using surface Electromyography (EMG) sensors on perilaryngeal and

cranial muscles [136, 140]. This database contains 48 maximum (over frequency)

coherence values (ranging from 0 to 1) of EMG muscle activation signals of 14

muscles during various vocal tasks, highlighting co-modulated muscle activations.

We extract three different 2D datasets (named here as Part 1, Part 2, and Part 3 ),

each composed of 2 dimensions representing two pairs of muscles as explained in

the following:

1. The maximum coherence between the left and right Sternohyoid muscle; and

The maximum coherence between left-lower and left-upper Sternocleidomas-

toid muscles.

2. The maximum coherence between the left front and back Trapezius; and The

maximum coherence between the right front and back Trapezius.

3. The maximum coherence between the left and right Masseter; and The

maximum coherence between the left and right Omohyoid.

3.3.1.3 Synthetic Dataset

In addition to the real-world experimental datasets, mentioned above, in this

paper, we also devised a unitless synthetic dataset with embedded outliers by

scattering two random asymmetrically distributed points in a 100 × 100 square,
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Table 3.1: Log-Likelihood of various mixture models over the AIS 2D dataset

Model Log-Likelihood

GMM -1351.67

SNMM -1341.12

STMM -1340.95 [95]

FM-CFUST -1335.60

FiMReSt -1335.20

with a diagonal separation and outliers at the ends of the separating lines (seen in

Fig. 3.6(a)). We refer to this dataset as Synthetic Dataset henceforth.

3.3.2 Comparative Study

Fig 3.2 shows the stabilized behavior of the DoF for the proposed FiMReSt

over the course of ERM iterations, compared to the DoF divergence in fitting

FM-CFUST (from the literature) using the EM algorithm. In this figure, the blue

lines show the DoF of the kernels in the proposed FiMReSt model, and the red

lines show the DoF of the kernels in the FM-CFUST model. For the FiMReSt

model in this case, the penalty vector is chosen to be β = 5×
[
10−6 10−6

]T
. As

expected, we can see that by using the proposed Algorithm 1, the DoF divergence

will be avoided, and the kernels will converge as the number of iterations increases.

The resulting convergence, seen in Fig. 3.2, will allow the training to continue

while preserving the flexibility of the multivariate skew-t distribution and preventing

the kernels from converging to a normal mixture distribution and preventing internal

numerical divergence (which would halt the training). This behavior will allow the

mixture model to continue the exploration and learning of the underlying physics

of the dataset space boosting optimality and generalizability. The log-likelihood

comparison from fitting various mixture models over AIS 2D dataset is given

in Table 3.1. As can be seen, FiMReSt secures the highest log-likelihood when

compared with all other mixture models which again supports the performance of

the proposed algorithm. Fig 3.3 shows how the kernels of the FiMReSt model fit

over AIS 2D.
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Figure 3.2: 3D plot of DoF and Log-likelihood vs. iteration for fitting the FiMReSt
and FM-CFUST over the AIS 2D dataset. It can be seen that, unlike FM-CFUST,
FiMReSt will preserve the converging behavior of the DoFs.
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Figure 3.3: Probability density function visualization of the FiMReSt model over
AIS 2D dataset.
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Fig. 3.4 is about the AIS 3D dataset to show the performance of the model

on a larger dimension. The figure shows the DoF behavior comparison during the

proposed FiMReSt and FM-CFUST modeling. Similar to Fig. 3.2, the lines in

Fig. 3.4 show the DoF values of the FiMReSt and FM-CFUST throughout the

iterative training process. The same observation can be made in Fig. 3.4 regarding

the AIS 3D dataset case that by avoiding the divergence of the DoF values, the

FiMReSt model will continue the fitting process and achieve higher log-likelihood in

comparison. (refer to Table 3.2). Fig. 3.5 depicts the visualization of the FiMReSt’s

kernels fitted on the AIS 3D dataset. The trained parameters of the FiMReSt

model over the AIS 3D dataset are given in Table 3.3.

Iterations Log-like
lihood

D
o
F

Divergence

Convergencet
t

Figure 3.4: Comparison of DoF behavior during fitting iterations of FiMReSt and
FM-CFUST over AIS 3D dataset

Table 3.2: Log-Likelihood of the various mixture modeling techniques over AIS 3D
dataset

Model Log-Likelihood

GMM -1747.20

SNMM -1726.17

STMM -1725.01

FM-CFUST -1700.17 [98]

FiMReSt -1692.08

Fig. 3.6 shows the comparison between GMM, SNMM, STMM, FM-CFUST,

and the proposed FiMReSt over the synthetic dataset, and Table 3.4 enumerates
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Figure 3.5: Probability density function visualization of the FiMReSt kernels
over AIS 3D dataset. Higher probabilities are shown by darker red color in the
visualization. The outermost 3D layer indicates 1% of the maximum probability
produced by the FiMReSt model in the 3D space.

Table 3.3: Defining parameters of the FiMReSt model given the AIS 3D dataset

i 1 2

µi


19.745

57.698

11.737



20.565

63.694

5.773



∆i


3.616 −1.979 1.090

5.652 −8.113 −1.407

3.582 −3.489 7.577



2.792 −0.294 1.170

6.544 4.343 1.021

0.198 −0.053 3.779



Σi


0.046 −0.377 −0.116

−0.377 7.170 2.411

−0.116 2.411 0.816



0.678 5.733 0.243

5.733 48.535 2.055

0.243 2.055 0.088


νi 173.856 7.443

ωi 0.4806 0.5194

βi 0.0001 0.0001
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the log-likelihood values of the corresponding models. In Fig. 3.6(a), the synthetic

dataset is visualized. In Fig. 3.6(b), a GMM with two Gaussian kernels is trained

on the synthetic dataset. In Fig. 3.6(c), we can see how the skewness in SNMM

will cause the kernels to adapt better to the formation of the data sparsity. In

Fig. 3.6(d), the STMM model is shown, and the difference between STMM and

SNMM that is caused by changing the skew-normal clusters to skew-t clusters can

be seen. Fig. 3.6(e) shows the FM-CFUST model trained over the synthetic dataset

benefiting from the full skewness matrix (rather than diagonal) resulting in a better

fit when compared with STMM. Fig. 3.6(f) depicts the behavior of the proposed

FiMReSt model trained on the synthetic dataset. It can be seen that by stabilizing

the DoF parameters of the kernels in the proposed ERM algorithm, avoiding DoF

divergence, while exploiting the full potential of the skewness matrix using the math

of Skew-t distribution, the FiMReSt model will converge to a higher log-likelihood

and secure the best fit, achieving a more conforming shape to the dataset. The

kernels in the FiMReSt model are showing more reach towards the outliers of

the synthetic dataset, causing the clustering to be more divided in comparison to

FM-CFUST and other models.

Table 3.4: Log-Likelihood of the synthetic dataset given different models

Model Log-Likelihood

GMM -1390.541

SNMM -1389.482

STMM -1389.924

FM-CFUST -1364.918

FiMReSt -1362.914

Fig. 3.7 shows the comparison of the FiMReStmodel with GMM, SNMM, STMM,

and FM-CFUST trained on the experimental EMG coherence dataset for all data

parts 1, 2 and 3. In Fig. 3.7, the rows indicate which data parts used, and columns

show the visualization of the resulting clustering methods, i.e., GMM, SNMM,

STMM, FM-CFUST, and FiMReSt, from left to right, respectively. The penalty

vector for FiMReSt model for all three parts of the dataset is β =
[
10−6 10−6

]T
. In

Fig. 3.7, it can be observed that the FiMReSt distribution will adapt more efficiently
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Figure 3.6: Comparison of GMM, SNMM, STMM, FM-CFUST and FiMReSt on
the synthetic dataset

to the datasets as the generalizability of the multivariate skew-t distribution is

preserved during the ERM algorithm iterations and this is supported by the

numerical results given in Table Table 3.5. In addition to this main observation,

there are other points to be considered, as explained in the following. In Fig. 3.7,

the difference between GMM and SNMM can be seen due to the added skewness.

The SNMM model will conform to the dataset more considerably by relaxing the

symmetricity assumption of the Gaussian kernels. Thereafter, the replacement

of MSN with MST kernels results in a noticeable change in STMM compared

to SNMM. Going one step further from STMM, by taking advantage of the full

skewness matrix, the FM-CFUST model will show more conformity to the given

datasets. Finally, by implementing the proposed ERM method and avoiding the
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Figure 3.7: The comparison between GMM, SNMM, STMM, FM-CFUST, and
FiMReSt over coherence datasets

DoF divergence while taking into account the full skewness, the FiMReSt model

further expands towards modeling the outliers in the scattered segments of the

data, resulting in a more optimal and generalizable clustering behavior and a higher

log-likelihood, given in Table 3.5.

Table 3.5: Log-likelihood of GMM, SNMM, STMM, FM-CFUST, and FiMReSt
over coherence parts 1, 2, and 3

Model Part 1 Part 2 Part 3

GMM 67.0987 64.3616 45.3951

SNMM 69.7102 64.5459 51.0562

STMM 70.4885 71.3382 49.5397

FM-CFUST 75.2098 72.4159 52.3720

FiMReSt 76.5683 72.9244 58.1812
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3.3.3 Initial Conditions

In this sub-section, the sensitivity of the proposed model, in terms of the conver-

gence of the DoF, to the initial values of the DoF is investigated. High sensitivity

would reduce the practicality of the method. Fig. 3.8 shows the convergence of

the DoF values of FiMReSt model for the two clusters of the AIS 3D dataset,

considering a large range of initial values for DoF, i.e., νi ∈ {2, 20, 100, 150, 250}.
We can see that the resulting FiMReSt model has minimal to no dependency on

the initial values of DoF, which corroborates the robustness of this mixture model

to the DoF initialization. This further supports the practicality of the proposed

model.
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D
o
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Figure 3.8: DoF convergence of the FiMReSt over the AIS 3D model given different
initial values. The red lines show the stabilized DoF.

3.4 Discussions

In this chapter, we proposed an expectation-regularization-maximization algo-

rithm to train a finite mixture of multivariate skew-t distributions. The resulting

mixture model is named Finite Mixture of Multivariate Regulated Skew-t (FiMReSt)

Kernels, which, unlike its counterparts in the literature, is able to stabilize the DoF

profile during the optimization process of learning, increasing generalizability and

robustness to outliers. The proposed method is evaluated through a comprehensive

comparative study based on real and synthetic data. The results support the
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higher performance of the proposed FiMReSt model when compared with existing

methods (i.e., GMM, SNMM, STMM, FM-CFUST) in terms of the log-likelihood

of fit and the numerical stability of DoF. Additional analysis highlighting the low

sensitivity of the proposed method to the initialization of DoF further supports the

practicality of the approach.
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Chapter 4

SNMR: Skew-Normal Mixture

Regression – A flexible

probabilistic trajectory generator

for Learning from Demonstration

In this chapter, we use Skew-Normal Mixture Regression (SNMR) to infer the

most probable human behavior in LfD, modeled by a more flexible mixture model

(SNMM). This probabilistic model enables higher flexibility in comparison to the

conventional GMM due to its skewness, which can facilitate derivation of more

intricate characteristics of the human.

The assumption of the Gaussian distribution of the inherent kernels of data

clusters cannot be guaranteed in many cases, especially for complex data space (such

as therapeutic responses in the force domain). This assumption cannot be made

when data segments have high skewness. In other words, the symmetrical behavior

that Gaussian kernels entail dictates a level of rigidity that is not necessarily observed

in practical datasets, including on telerobotic demonstration of rehabilitation. This

lack of flexibility prevents accurate modeling of demonstration, which challenges

the accuracy of machine learning. Thus, it is imperative to relax this constraint

using flexible probabilistic functions. This requires novel mathematical derivations.

In order to tackle the issues, different probability density functions (PDFs) can

replace the Gaussian kernels of the mixture to form a more flexible representation,
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which can encode the skewness and take into account generalizability and robustness.

For this purpose, skew-normal PDF can enable more flexibility in modeling when

substituted normal PDF in GMM.

In contrast to the Gaussian distribution, which is restrictive to symmetric

behavior, skew-normal PDF relaxes the symmetricity by utilizing the skewness (∆)

parameter in addition to the main defining parameters of a Gaussian kernel which

are covariance (Σ) and mean (µ).

Thus, if a new iterative EM approach can be derived for the data clusters

in the context of learning from demonstration, the resulting mixture model can

address the aforementioned challenges of GMM. A comprehensive literature review

is conducted for this work, and some efforts have been identified in the literature

[36, 61, 107, 109, 121, 148, 185] to generate more flexible mixture models in

comparison to GMM. However, each of the existing methods has several restrictions

due to the complexity of the mathematical derivation.

To address the issues above, in this chapter, we will improve the probabilistic

modeling of the robotic demonstrations using the skew-normal mixture model

(SNMM) and use the resulting model to learn the operator’s demonstrations in the

robot platform by calculating the skew-normal mixture regression (SNMR) model.

We continue this section by explaining the preliminaries of SNMM modeling. In the

consecutive sections, we will present the different representations and mathematical

expressions for the regression modeling, which is followed by the results of this

method on robotic data.

4.1 Preliminaries

This section will cover the mathematical preliminaries for SNMM and the

corresponding EM algorithm that fits this mixture model onto a given dataset.

4.1.1 Probability Density Function

The SNMM function with G multivariate skew-normal (MSN) clusters that

probabilistically models a dataset is defined as a weighted summation of skew-

normal PDFs as seen in equation (4.1), in which wi, µi, Σi, and ∆i, are the mixing
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proportion, mean vector, covariance matrix, and skewness matrix of ith skew-normal

cluster respectively, and Θ is the set of all defining properties of all skew-normal

clusters in the model.

fSNMM(y,Θ) =
G∑
i=1

wiMSN(y|µi,Σi,∆i) (4.1)

The governing equation of skew-normal PDF seen in the equation above, is

provided by Sahu et al. [159] as a member of skew-elliptical distributions. If y

is a random p-dimensional vector distributed by a skew-normal distribution with

mean vector µ, covariance matrix Σ, and skewness matrix ∆, then the probability

density function would be written as seen in equation (4.2).

MSN(y|µ,Σ,∆) = 2pϕp(y|µ,Ω)Φp(∆
TΩ−1(y − µ)|0p, Ip −∆TΩ−1∆) (4.2)

In this equation, Ω = Σ+∆∆T , 0p is the p-dimensional zero vector, Ip is the p×p
identity matrix, ϕp is the p-dimentional normal PDF and Φp is the normal CDF.

The MSN PDF can also be represented in a hierarchical format as seen below

in expressions (4.3)-(4.5).

Y j|(τ j, Zij = 1) ∼ Np(µi +∆iτ j,Σi) (4.3)

τ j|(Zij = 1) ∼ HNp(0p, Ip) (4.4)

Zij ∼M(1;w1, w2, . . . , wG) (4.5)

In these equations, HNp denotes the p-dimensional half-normal distribution, M
denotes the multinomial distribution with one trial and cell probabilities the same

as mixing proportions of the mixture model. To explain these expressions further,

we can state that if Zij = 1, then the jth observation of the dataset solely arises

from the ith MSN cluster in the mixture model.

The hierarchical representation of the SNMM is useful for defining the log-

likelihood function using the latent variables τ and Z, which will then be used to

optimize the defining parameters of the mixture model to fit the dataset using EM

algorithm. The following subsection will explain the mathematical derivation of

the iterative EM algorithm for SNMM modeling.



63

4.1.2 EM Algorithm

The fitness for probabilistic algorithms can be defined as log-likelihood. The

log-likelihood is defined for SNMM as seen in equation (4.3). In this equation, n is

the number of observations in the dataset y.

l(Θ|y) =
n∑

j=1

log(
G∑
i=1

wiMSN(yj|µi,Σi,∆i)) (4.6)

We can expand equation (4.6) based on the hierarchical representation of the

mixture model to get to the log-likelihood function as seen in equation (4.7).

l(Θ|y, Z, τ ) =
G∑
i=1

n∑
j=1

Zij{log(wi)−

1

2
log|Σi| −

1

2
(yj − µi −∆iτ j)

TΣ−1
i (yj − µi −∆iτ j)−

1

2
τ T
j τ j} (4.7)

The EM algorithm is an iterative process that takes place in two consecutive

steps, namely, expectation ad maximization. In this approach, first in the expecta-

tion step (E-Step), the conditional expected value of the log-likelihood function,

given the estimated parameters of the mixture model and the observed data, will

be calculated as a function of the latent variables seen in the hierarchical format of

the mixture model. Thereafter, in the maximization step (M-Step), this expected

value will be maximized over all the defining parameters of the mixture model to

update the parameters for the next iteration of the EM algorithm. This process

continues until the convergence of the log-likelihood.

4.1.2.1 E-Step

To fit the SNMM, the EM algorithm should maximize the expected value of

the log-likelihood function at each step until the convergence of the model. The

expected value of the log-likelihood function (also known as the Q-function) can be

written as stated in equation (4.8).
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E(l(Θ|y, Z, τ )|y, Θ̂
(k)
) = Q(Θ|Θ̂

(k)
) =

G∑
i=1

n∑
j=1

ẑ
(k)
ij

{
log(wi) +

1

2
|Σ−1

i | −
1

2
(yj − µi −∆iη̂

(k)
ij )TΣ−1

i (yj − µi −∆iη̂
(k)
ij )

− 1

2
tr
(
Σ−1

i ∆i(Ψ̂
(k)
ij − η̂

(k)
ij η̂

(k)T

ij )∆T
i

)}
(4.8)

In this equation, three latent random values are calculated in the kth iteration of

the EM algorithm. These values are:

ẑ
(k)
ij = E(Zij|yj,Θ

(k))

η̂
(k)
ij = E(τ j|Zij = 1,yj,Θ

(k))

Ψ̂
(k)
ij = E(τ jτ

T
j |Zij = 1,yj,Θ

(k))

As mentioned above, in the E-Step, Q-function is to be calculated given the

latent random variables of ẑ
(k)
ij , η̂

(k)
ij , and Ψ̂

(k)
ij . For computing ẑ

(k)
ij we can write the

following equation:

ẑ
(k)
ij = E(Zij|yj,Θ

(k)) =
ŵiMSN(yj|µ̂

(k)
i , Σ̂

(k)

i , ∆̂
(k)

i )∑G
m=1 ŵmMSN(yj|µ̂(k)

m , Σ̂
(k)

m , ∆̂
(k)

m )
(4.9)

Using Bayes theorem and the conditional probabilities in (4.3), (4.4), and (4.5), we

can prove that:

τ j|(Y j = yj, Zij = 1) ∼ TNp(∆
T
i Ω

−1
i (yj − µi)|0p, Ip −∆T

i Ω
−1
i ∆i;R+) (4.10)

which is the p-dimensional truncated normal distribution for the positive real

hyperspace. The details of how to compute the expected value of a random variable

distributed by a truncated normal distribution are derived mathematically in [107],

equations (10) and (11).

4.1.2.2 M-Step

After computing the Q-funciton, we need to maximize this value over the

defining parameters of the mixture model. Hence, we update the parameters in the

following order:
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ŵ
(k+1)
i =

∑n
j=1 ẑ

(k)
ij

n
(4.11)

µ̂
(k+1)
i =

∑n
j=1 ẑ

(k)
ij yj − ∆̂

(k)

i

∑n
j=1 ẑ

(k)
ij η̂

(k)
ij∑n

j=1 ẑ
(k)
ij

(4.12)

∆̂
(k+1)

i =
( n∑

j=1

ẑ
(k)
ij (yj − µ̂

(k+1)
i )η̂

(k)T

ij

)( n∑
j=1

ẑ
(k)
ij Ψ̂

(k)

ij

)−1

(4.13)

Σ̂
(k+1)

i =

{
n∑

j=1

ẑ
(k)
ij (yj− µ̂

(k+1)
i −∆̂

(k+1)

i η̂
(k)
ij )(yj− µ̂

(k+1)
i −∆̂

(k+1)

i η̂
(k)
ij )T +∆̂

(k+1)

i

×
( n∑

j=1

ẑ
(k)
ij (Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)T

ij )
)
∆̂

(k+1)T

i

}(
n∑

j=1

ẑ
(k)
ij

)−1

(4.14)

4.1.3 Initialization

The process of mixture modeling is highly non-convex, meaning that the final

results are prone to be suboptimal. One way to prevent this occurrence is to have

an intricate initialization scheme for the mixture model’s defining parameters in

order to begin the mixture modeling as close as possible to the optimal outcome.

For the SNMM, in the literature [107], it is proposed that the K-means algorithm

determines the initial clusters’ weight, mean vectors, and covariance matrices, and

the skewness will be initialized as a diagonal matrix with values of slightly deviated

from zero. In this proposed work, the initialization is more details to ensure a

better starting point for the clusters in the mixture model.

First, we model a GMM onto the observed dataset and the resulting parameters

of the fitted GMM, namely, clusters’ weight, mean vectors, and covariance matrices

denoted as wiGMM
, µiGMM

, and ΣiGMM
respectively, will be used to initialize the

SNMM parameters. To initialize SNMM parameters, we start with the skewness

matrices of the clusters and then proceed with initializing the other parameters

based on the skewness and the resulting GMM.

To initialize the skewness, we will cluster the data points based on the highest

probability achieved from the Gaussian clusters in the GMM model. Eventually,

there will be G clusters formed. We denote each cluster as yg as the gth cluster,
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where g ∈ {1, 2, . . . , G}. Equation (4.15) shows how each cluster is formed.

yg = [yg1 , y
g
2 , . . . , y

g
m] (4.15)

where

m ∈ {1, 2, . . . ,M} and M < N

N(yi
m|µiGMM

,ΣiGMM
) > N(yj

m|µjGMM
,ΣjGMM

)

s.t. i ̸= j and i ∈ {1, 2, . . . , G}

After this hard-assigned clustering, we can determine the skewness matrices as

seen in equation (4.16).

∆i = α×Diag(δ1, δ2, . . . , δp) and α = 0.1 (4.16)

where each element δ is the one-dimensional skewness of the ith cluster along each

of the dimensions in the p-dimensional hyperspace of the dataset:

δk =
E(yjk − µ̄k)

3

σ3
k

s.t. k ∈ {1, 2, . . . , p}

This initialization of skewness matrices will ensure a slight deviation from the

symmetricity of the distribution toward where the observed data is leaning. This

would give the MSN clusters in SNMM a better head-start when the EM algorithm

starts to fit the model.

Based on the mathematical definition of MSN distribution, having a non-zero

skewness matrix will expand the distribution’s covariance and deviate the expected

value of the distribution from the Gaussian counterpart. This means that by

initializing the skewness, as mentioned, if we use the same resulting mean vector

and covariance matrix of the GMM model, the MSN cluster might be deviated more

than needed from its Gaussian counterpart, delaying convergence and also adding

to the possibility of suboptimal outcomes. To counter this occurrence, we should

ensure that the MSN clusters’ starting expected value and covariance parameters

are the same as the Gaussian clusters in the GMM. This way, at the start of

the EM algorithm, the MSN clusters would have leaned toward the direction the

observed data favors. This deviation caused by the skewness will be the initial
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driving momentum for the MSN clusters to optimize towards their most optimal

form. Based on the mentioned points, we initialize the mean vector and covariance

matrices as stated in equations (4.17) and (4.18).

µi = µiGMM
−
√

2

π
∆i1p (4.17)

where 1p is the p-dimensional vector of ones.

Σi = ΣiGMM
−
(
1− 2

π

)
∆i∆

T
i (4.18)

It should be noted that choosing α = 0.1 in equation (4.16) might lead to Σi to

be non-positive-semidefinite, in which case we can choose a value such as α = 0.05

to avoid this issue. As for the mixing proportions, we use the final cluster weights

of GMM as the initial values for the SNMM’s weights.

wi = wiGMM
(4.19)

It is important to mention that before fitting an SNMM onto the data, we

normalize the data in all dimensions by scaling it down to the range between 0 and

1. This will ensure that the update functions will affect the parameters equally.

After the mixture modeling and regression model’s trajectory generation, we can

scale the observed data and the resulting regression to the dataset’s original range.

4.2 Methods

Regression modeling is conventionally used in GMM-based learning from demon-

stration to generate to most optimal robot trajectory, given the set of task demon-

strations [126]. In other words, after the p-dimensional dataset is probabilistically

modeled, regression modeling will try to identify the most optimal set of values for

the undetermined dimensions if some of the dimensions’ values are deterministically

known. For instance, if the dataset is two-dimensional with one dimension being

time and the other being one joint value of a robot, after the probabilistic modeling

is done, using the regression modeling, we can identify what is the most expected

joint value (the probabilistic dimension) at a certain point of time (the deterministic
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dimension). Based on this definition, regression models are conditional expected

values of the probabilistic models.

Regression models of the probabilistic clusterings will be in the form of a

weighted summation of all of the PDF clusters’ conditional parameters given the

determined dimensions. In the case of GMM, for deriving the regression function

known as Gaussian Mixture Regression (GMR), the conditional probability of the

GMM function should be calculated, which will be formed as seen in equation

(4.20).

fY2|Y1(y2) = fGMM(Y 2|Θ,Y 1 = y1) (4.20)

In equation (4.20), Y 1 and Y 2 represent the set of deterministic and probabilistic

dimensions respectively. Expanding this equation will lead to the expression in

equation (4.21):

fY2|Y1(y2) =
G∑
i=1

πi(y2)N(y2|µ⋆
i ,Σ

⋆
i ) (4.21)

where

µ⋆
i = µi2 +Σi21Σ

−1
i11
(y1 − µi1)

Σ⋆
i = Σi22 −Σi21Σ

−1
i11
Σi12

πi(y2) =
wiN(y2|µi2 ,Σi22)∑G

g=1wgN(y2|µg2 ,Σg22)

and for each Gaussian cluster, we have:

fi

([
Y 1

Y 2

])
= N

([
µi1

µi2

]
,

[
Σi11 Σi12

Σi21 Σi22

])

Using equation (4.21), by knowing the values of Y 1, we can calculate what

would be the expected value and scatteredness of the data on Y 2, as seen in

equations (4.22) and (4.23).

E(Y 2|Y 1 = y1) =
G∑
i=1

πiµ
⋆
i =

G∑
i=1

πi(µi2 +Σi21Σ
−1
i11
(y1 − µi1)) (4.22)
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V ar(Y 2|Y 1 = y1) =
G∑
i=1

πiΣ
⋆
i =

G∑
i=1

πi(Σi22 −Σi21Σ
−1
i11
Σi12) (4.23)

As it is seen in equation (4.22), the outcome of the GMR is the summation

of linear functions. This is due to the inherent symmetricity of the Gaussian

distribution, which imposes linearity on the conditional expectation. Conversely, in

skew-normal distribution, this symmetricity is violated; hence the linearity will not

be imposed on the conditional expectation of the MSN clusters in the SNMM. In

this study, we aim to exploit this non-linearity to learn the intricate traits of the

demonstration given to the robot more flexibly.

In terms of SNMR, we propose two different approaches. 1) Expectation-

based SNMR (SNMR-EX), and 2) Maximum probability SNMR (SNMR-Max).

In the expectation-based SNMR, we follow the same pattern of calculations as

seen in GMR and expand the underlying math to derive this model. However, in

SNMR-Max, we are generating the conditional trajectory, which results from a

weighted summation of the maximum probability of each MSN cluster. Due to the

Gaussian symmetricity in GMR, a kernel’s conditional expectation is identical to

that cluster’s maximum conditional probability. Therefore the expectation-based

GMR and maximum probability GMR would result in the same outcome.

4.2.1 SNMR-Ex

The expected value of a simple one-dimensional PDF is calculated as seen in

equation (4.24).

E(X) =

∫ +∞

−∞
xf(x)dx (4.24)

In multidimensional cases where we have deterministic and probabilistic di-

mensions, the computation of the conditional expected value will be in the form

of equation (4.25). It should be noted that capital letters such as Y address the

random variable, and the small notation of the same character y indicates the value

of the random variable.

E(Y2|Y1) =
∫ +∞

−∞
y2f(y2|y1)dy2 (4.25)
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This study conducts this computation numerically by calculating the integral in

equation (4.25) for all the recorded values in deterministic dimensions. It should be

noted that the numerical computation is discrete and in the form of equation (4.26),

which means, that the higher the precision of the dimensions, the higher the accuracy

of the calculated conditional expectation, and the higher the time-consumption of

the process.

E(Y2|Y1) =
max(Y1)∑

i=min(Y1)

y2f(y2|y1i) (4.26)

By calculating the conditional expected value of each MSN kernel in the SNMM,

we can proceed with computing the regression model of the SNMM using SNMR by

following a modified version of the equation (4.22) for SNMR, as seen in equation

(4.27). We denote the resulting multidimensional trajectory as SNMREX(Y2).

SNMREX(Y2) = E(Y 2|Y 1 = y1) =
G∑
i=1

πiµ
⋆
i (4.27)

where µ⋆
i is the result of equation (4.26) for each MSN cluster, and the weights for

this summation can be computed using equation (4.28).

πi =
wiMSN(y2|µi2 ,Σi22 ,∆i2)∑G
g=1wgN(y2|µg2 ,Σg22 ,∆g2)

(4.28)

where

∆i2 =
[
∆i21 ∆i22

]
Fig. 4.1 shows an example of expected value trajectory for an MSN kernel,

where µ =

[
−5
−5

]
, Σ =

[
1 0

0 1

]
, and ∆ =

[
1 5

5 1

]
. It can be observed that adding

the skewness ∆ will sway the distribution away from the center point of the

unskewed Gaussian counterpart with the same µ and Σ values. Another important

observation is the non-linear behavior of the expected value curve, which is the

main attribute of the MSN kernel in terms of regression curve, enabled by the

skewness of the PDF.
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4.2.2 SNMR-Max

For SNMR-Max, we tend to explore the probabilistic dimensions for the set

of values that acquires the maximum probability given the SNMM model. This

means that given each set of values in the deterministic dimensions Y 1, the whole

Y 2 space will be explored for each MSN cluster individually to see which set of

y2 values, denoted as y2Max
, will gain the highest probability. This can be written

mathematically as equation (4.29).

yMax = y⋆
2 s.t. f(y⋆

2|y1)) = max(f(y2|y1)) (4.29)

Now, using the same weighted summation pattern as seen in the previous

subsection, we will derive another multidimensional trajectory based on the max-

imum probability of the MSN clusters in SNMM. We denote this trajectory as

SNMRMax(Y2), and calculate it as written in equation (4.30). It should be men-

tioned that the weights πi are calculated based on equation (4.28).

SNMRMax(Y2) =
G∑
i=1

πiyMaxi
(4.30)

Fig. 4.1 shows the maximum probability of the same MSN kernel overlayed with

the expected value curve. The main observation in this depiction is the difference

between the two curves. Another important note is that since the trajectory values

for max probability and expected values are numerically computed, the final values’

precision is limited to the local range of y2.

Figure 4.1: Maximum probability trajectory of a 2-dimensional MSN kernel
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4.3 Results

Fig. 4.2(A) shows a 2-dimensional synthetic dataset to represent a set of

demonstrations of a 2DoF robot’s end-effector in the XY plane. The dataset

is made in such a way as to represent a triangular no-fly zone during the task

demonstration. The data is normalized to range between 0 and 1 in all dimensions.

This figure also shows that in all demonstrations, there is a certain point close

to X = 0.5 and Y = 0 that the task required the robot end-effector to meet.

Fig. 4.2(B) shows a GMM fit over this dataset with two Gaussian clusters, and

Fig. 4.2(C) shows an SNMM fit over the same dataset with two MSN clusters.

We can see that by following the EM algorithm and the initialization pattern

explained in section 4.1.2, the resulting skewed probabilistic model will conform to

the dataset much more reliably, as it is also observed in the higher log-likelihood

SNMM achieves.

(A) (B)

(C) (D)

Figure 4.2: (A): Synthetic 2-dimensional Dataset, (B): GMM fit over the dataset,
Log-Likelihood = 246.487 (C): SNMM fit over the same dataset, Log-Likelihood =
274.893, (D): GMR, SNMREX, and SNMRMax comparison.

Using the mathematical representation of the regression models for GMR and

SNMR, the resulting trajectories, given X as the deterministic dimension and Y
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as the probabilistic dimension, can be calculated subsequently. These results are

shown in Fig. 4.2(D). The lack of skewness in Gaussian kernels will hinder the

GMM from capturing the unsymmetrical scatteredness of the observed data. As a

result, the GMR trajectory fails to arrive at the narrow pathway of demonstrations

in the middle of the X-axis. Also, the GMR trajectory starts and ends in positions

that are away from the observed data points at both ends of the dataset. Conversely,

both types of SNMR trajectories will refrain from undershooting and keep the

end-effector within the expected range of motion. SNMRMax will perform better

than SNMREX as it keeps the trajectory closer to the narrow pathway. In addition,

the results clearly show the non-linearity in the trajectories based on SNMR, which

allows for the trajectories to start and end at points that are comparatively closer

to the observed data points’ ends.

In Fig. 4.3, we can see the same approach repeated for another synthetic

data. Four clusters have been used for both SNMM and GMM models. In this

dataset, there are two certain points that all demonstrations have passed through

to finish the task, approximately by one-third and two-thirds of the deterministic

X dimension. The GMM fit seen in Fig. 4.3(B) is shown to have failed in capturing

the unsymmetrical and sharp regions of the observed dataset, and the Gaussian

kernels had to expand towards the reach of the dataset to encapsulate the data

points as much as GMM could allow. Contrary to that, SNMM has shown a great

ability to encompass the dataset around the sharp edges of the dataset, seen in

Fig. 4.3(C). This superiority of the SNMM modeling is then shown in Fig. 4.3(D)

where the generated regression trajectories are compared. GMR trajectory will

fail to cross the attention points in the dataset, while SNMRMax will succeed in

meeting those points. In addition, both SNMREX and SNMRMax will start and

end their resulting trajectories more towards the sharp edges of the outer bounds

of the dataset, which attests to the SNMR’s ability to learn the latent traits of

the demonstrations more intuitively, while GMR fails to do so due to the inherent

symmetricity of the Gaussian kernels.

Based on the performance of the SNMRMax and how it can outperform SNMREX

when it comes to capturing the hidden trajectory patterns in a given dataset, we

can claim that the maximum probability approach is better in addressing the

needed dynamics in a set of demonstrations to be learned by the robot. This would
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(A)

(C)

(B)

(D)

Figure 4.3: (A): Synthetic 2-dimensional Dataset, (B): GMM fit over the dataset,
Log-Likelihood = 577.475 (C): SNMM fit over the same dataset, Log-Likelihood =
700.356, (D): GMR, SNMREX, and SNMRMax comparison.

question the main claim of the GMR-based LfD studies in the literature in which

the GMR is operating based on the conditional expected value rather than the

maximum probability of each kernel, but due to the identicality of the mentioned

properties, the maximum probability is not mentioned as the main computation

goal.

Fig. 4.4 shows the comparison of 4-cluster SNMRMax trajectory with GMR

trajectory produced by GMMs of 4, 5, 6, 7, 8, and 9 Gaussian clusters. It can be

seen from the results, that only after 8 Gaussian clusters, GMR trajectory can

learn the specific points in the dataset to cross. However, adding more Gaussian

clusters to GMM can cause the GMR trajectory to lose its smoothness due to high

number of individual trajectories in the weighted summation in equation (4.22).

This comparison shows that the SNMRMax trajectory can preserve the smoothness

while being able to learn the dynamics of the demonstrations.

Next, we test the SNMR approach on real robot data. The dataset shown in

Fig. 4.5(A), is collected using a 2DoF Robot for 35 demonstrations on the target

trajectory shown in purple. The task that is demonstrated is to go through the 7
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(A)

(C)

(B)

(D)

(E) (F)

Figure 4.4: The comparison of a 4-cluster SNMRMax trajectory with various number
of clusters in GMR; (A): 4-cluster GMR, (B): 5-cluster GMR, (C): 6-cluster GMR,
(D): 7-cluster GMR, (E): 8-cluster GMR, (F): 9-cluster GMR
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waypoints seen in the trajectory in straight lines. The human error for following

the waypoints accurately during the demonstrations can be observed by the visible

scatteredness of the data points. These waypoints are marked as green stars on

the other subfigures. In Figs. 4.5(B) through 4.5(E), we are comparing the GMR

and SNMRMax, with the same number of clusters in each model. In Fig. 4.5(B),

we see that by using 3 clusters in mixture modeling, GRM trajectory only meets

the first and the last waypoints, while the SNMR trajectory passes through first

two and the last two waypoints. In Fig. 4.5(C), by adding one more cluster to the

mixture models, we see that GMR trajectory manages to pass through the first

three waypoints and the last, and comes close to the sixth waypoint, while SNMR

trajectory meets all waypoints but the fifth. By adding another cluster in Fig.

4.5(D) GMR trajectory comes close to capturing the fifth waypoint but still cannot

capture the highest waypoint. The SNMR trajectory will still capture 6 out of 7

waypoints, and gets closer to the fifth waypoint. Lastly, by using 6 clusters, GMR

and SNMR trajectories will show a similar performance in learning the waypoints.

From this example we can observe that the SNMRMax, has significant efficiency

in learning the intricacies of the observed demonstrations, unlike GMR trajectory

which can only learn the complex demonstration dynamics by increasing the cluster

count which jeoperdizes the trajectory smoothness.

We can also evaluate the superiority of SNMR over GMR trajectories on data

limitation, and cluster count. Fig. 4.6(A) shows the comparison of GMR and

SNMR trajectories on the same dataset seen in Fig. 4.5(A), with same number

of demonstrations. In Fig. 4.6(B), the demonstration count in the dataset for

SNMR has been reduced to 15 from 35, while GMR is learning the same dataset.

In Fig. 4.6(C) the demonstration count is reduced further to 5 demonstrations only.

Finally, in Fig. 4.6(D) we add to the number of GMM clusters to compare the

GMR with higher cluster count and greater demonstration count with SNMR. As

it is observed in all subfigures in Fig. 4.6, SNMR trajectories outperform GMR by

showing a closer trend to the target trajectory.

In Fig. 4.7 another comparative set of results are shown. First row of this figure

shows the dataset outlook with 5, 15, and 35 demonstrations. The following rows,

show the trajectories generated by the GMR and SNMRMax, based on mixture

models of 3 and 4 clusters. The GMR and SNMRMax trajectories are shown by blue
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(A)

(C) (D)

(E)

(B)

Figure 4.5: (A): Robot Data for 35 demonstrations on the target trajectory. (B):
GMR and SNMR comparison (3 clusters) (C): GMR and SNMR comparison (4
clusters) (D): GMR and SNMR comparison (5 clusters) (E): GMR and SNMR
comparison (6 clusters)
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(A) (B)

(C) (D)

Figure 4.6: (A): GMR (3 clusters, 35 demos) vs. SNMR (3 clusters, 35 demos)
(B): GMR (3 clusters, 35 demos) vs. SNMR (3 clusters, 15 demos) (C): GMR (3
clusters, 35 demos) vs. SNMR (3 clusters, 5 demos) (D): GMR (5 clusters, 35
demos) vs. SNMR (3 clusters, 5 demos)

and red dashed lines, respectively. In the case of 5 demonstrations and 3 clusters,

GMR can only learn the first down-slide in the XY-plane and will not learn the rest

of the motion, while SNMR will capture the begining and the end of the task as

indicated by the rise of the red dashed line when X reaches 1. When the number of

demonstrations increase from 5 to 15, we see that GMR is still unable to learn the

task after X = 0.2, but SNMR trajectory has improved significantly by learning the

mid-rise on the dataset when X = 0.5. For the case of 35-demonstration dataset,

GMR learns the rise at the end of the X-axis but at the expense of losing the

information about the beginning of the task where X < 0.2. This is while SNMR,

has improved even more from the previous case, and the trajectory has skewed

towards the more dense parts of the dataset, while preserving the knowledge of the

mid-rise of the dataset. The comparison on this row of Fig. 4.7 shows the limitation

of GMM/GMR approach when faced with low observation count or number of

clusters, while SNMM/SNMR algorithm has higher learning capacity in these cases.

The same learning superiority of SNMRMax can be seen in the third and forth row
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of Fig. 4.7. In the third row (4 cluster mixture models), we see that although both

trajectories have learned the mid-rise, SNMR trajectory leans more towards the

dense areas of the dataset, emphasizing the importance of those regions over others.

This attention to density and flexibility to move the clusters accordingly, is the main

trait of SNMR approach that performs more reliably in comparison to GMR. This

ability of SNMR will initially helps the regression modeling to identify and learn the

dynamics of the demonstrated tasks (such as mid-rise of the dataset in Fig. 4.7),

and when such key details of the task has been identified, the density-awareness of

SNMR will refine and optimize the trajectory based on the non-uniformity in the

dataset scatteredness.

5 Demos 15 Demos 35 Demos
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Figure 4.7: SNMRMax and GMR performance comparison using different number
of clusters on robot datasets with different number of demonstrations. GMR and
SNMRMax trajectories are depicted by blue and red dashed lines respectively.

4.4 Discussions

In this chapter, we have shown the prominence of skewness in relaxing the

conventional assumption of symmetricality in observed datasets in robotics. This

assumption will impose a certain rigidity when modeling the dataset which will

reflect in the subsequent learning process from the demonstrations. We have
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shown through multiple examples and comparisons, on synthetic and real robot

data, that skewed normal kernels can perform significantly better in modeling the

dataset using mixture modeling technique. Hence, the inherent dynamics of the

demonstrations are captured more reliably using SNMM, which leads to a more

efficient and accurate LfD scheme in robotic platforms.
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Chapter 5

Context-Aware Learning from

Suboptimal Kinesthetic

Demonstrations

In this chapter, we aim to inject apriori information about the quality of human

demonstrations, given the task requirements, into the LfD paradigms discussed

previously. Recently, there have been efforts conducted to modify the maximum

likelihood objective function using a curriculum-based LfD which avoids mode-

averaging in the behavior space when a mixture of experts provide various solutions

for conducting the task, embracing the diversity in task conduction [102]. As a

separate line of research, some one-shot learning methods have been introduced,

where a single demonstration is leveraged to teach a robot, thus minimizing the

demonstrations needed by the human [40, 169]; however, such methods heavily

rely on the high quality of a single demonstration. Some methods used generative

adversarial learning to exploit sub-optimal demonstrations and learn self-generated

solutions to augment/replace those conducted by the trainer [205]. Other methods

utilize reinforcement learning or inverse reinforcement learning combined with

ranking-based techniques to generate policies based on demonstration with various

quality [9, 31, 172, 178, 193, 194].

In this chapter, we address the problem of sub-optimal demonstrations by

proposing a new LfD approach that takes into account the quality of the demonstra-

tions by formulating a context-aware EM algorithm, which integrates the concept
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of demonstration quality into the mathematical derivation of probabilistic modeling.

The proposed method incorporates the task context into the EM algorithm by

solving the corresponding optimization problem when each data point is associated

with a given weight, defining the quality, which can be variable throughout the

demonstration or within demonstrations, highlighting the importance of the pro-

vided data within the task context. In this chapter, the proposed context-aware

EM algorithm is embedded into the training of a GMM-GMR model to learn

from various quality demonstrations and their data points. Through experimental

validation in an obstacle avoidance task, we show that this approach can be used

to find optimal trajectories even when demonstrations are limited to only a few

observations. In an extreme example, we show that the proposed approach could

rely on the input context and learn the policy only when a single observation

is provided. The results show superior performance compared to the baseline

GMM-GMR algorithm.

5.1 Preliminaries

In this section, the conventional GMM training process is summarized (more

details can be found in [37, 146] and references therein). The math is reformulated in

the next section to describe our approach. For a basic GMM algorithm, we consider

a set of D kinesthetic demonstrations as T = {(τd)}Dd=1, where each demonstration

contains the trajectory as a sequence of states τd = (x0, x1, ..., xNd
) such as the

cartesian pose of the robot’s end-effector. In Gaussian Mixture Modeling, we

would estimate the distribution of these data points (states) as a finite weighted

summation of Gaussian functions. The parameters of the Gaussian functions are

the prior πk, mean µk, and covariance matrix Σk for k ∈ {1, ..., K} clusters. The
probability density function for the GMM is given as:

P (x) =
K∑
k=1

πkN (x|µk,Σk) (5.1)

where the sum of the priors is 1 (
∑K

k=1 πk = 1). The EM algorithm [50] is typically

used in the literature to maximize the log-likelihood function:
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l(Θ) =
N∑

n=1

log(P (xn)) (5.2)

where Θ = {(π1, µ1,Σ1), ..., (πK , µK ,ΣK)} is the set of all Gaussian parameters

in the GMM, and N is the number of data points. The EM algorithm will

iteratively maximize the log-likelihood in Eq. (5.2) by consecutively alternating

between expectation and maximization steps (E-Step and M-Step, respectively)

until convergence of the log-likelihood. In the E-Step, the conditional expected

value of the GMM’s latent variables will be calculated, and in the M-Step, the

GMM parameters will be updated to maximize the log-likelihood based on the

calculated expectation in the E-Step.

E-Step: Computes an N ×K matrix Z, in which any element Znk is a latent

variable representing the probability that an observation xn comes from cluster k.

Znk = P (k|xn) =
P (k)P (xn|k)

p(xn)
=

πkN (xn|µk,Σk)∑K
i=1 πiN (xn|µi,Σi)

(5.3)

M-Step: Updates the Gaussians’ parameters to maximize the log-likelihood

using the latent variables from the E-step:

πk =

( N∑
n=1

Znk

)
/N (5.4)

µk =

( N∑
n=1

Znkxn

)( N∑
n=1

Znk

)−1

(5.5)

Σk =

( N∑
n=1

Znk(xn − µk)(xn − µk)
T

)( N∑
n=1

Znk

)−1

(5.6)

Considering that the states in our demonstration represent a combination of inputs

u and outputs y such that x = [u y]T , the posterior mean estimate P (y|u) can be

calculated (Gaussian Mixture Regression) [87]:

y =

K∑
k=1

P (k)P (u|k)∑K
i=1 P (i)P (u|i)

(
µy,k +Σuy,k(Σuu,k)

−1(u− µu,k)

)
(5.7)

s.t. µk =

[
µu,k

µy,k

]
and Σk =

[
Σuu,k Σuy,k

Σyu,k Σyy,k

]
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Therefore, the demonstration data can be used to create a probability density

function as a Gaussian Mixture Model fitted to maximize the log-likelihood using

the EM algorithm. Gaussian Mixture Regression can then calculate the posterior

mean of a desired set of outputs y given observed inputs u.

5.2 Methods

Note that the log-likelihood function in (5.2) equally considers the probability

of all datapoints in the demonstration dataset. In order to incorporate the quality

of each datapoint (that can be defined by the quality or task context), we proposed

a new log-likelihood function as given in (5.8).

l(Θ, α) =
N∑

n=1

αn log(P (xn)) s.t. α ∈ (0, 1] (5.8)

The non-negative factor of 0 < αn ≤ 1 is associated with the quality of each

datapoint based on the task context. For example, this quality factor can be

prescribed by distance from obstacles or goal locations or based on speed and

smoothness of demonstration. Thus, αn = 0 and αn = 1 indicate the low and high

quality of the corresponding data point. The mathematical derivation of the new

context-aware EM is re-designed in the next sub-section to analytically diminish

the impact of low-quality data points by basing the design on a new log-likelihood

function that incorporates data quality.

5.2.1 Context-Aware EM Algorithm

Given the new definition of the log-likelihood function (5.8), the context-aware

EM algorithm mathematically guarantees the maximization of this function during

each iteration.

For the E-Step (which updates the GMM’s latent variables given π, µ, and Σ),

since Z and α are independent variables and α is deterministic and not subject

to change throughout the EM iterations, Z will have the same update policy as

that of the conventional EM provided in (5.3). Hence, the expected value of the

log-likelihood function known as the Q-function can be written as follows, given

the latent variables:
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Q(Θ, Z, α) =

N∑
n=1

αn

K∑
k=1

Znk

(
log(πk)−

log(|Σk|)
2

− Mnk

2

)
(5.9)

where Mnk is the squared Mahalanobis distance of xn and µk given Σk which is

Mnk = (xn − µk)
TΣ−1

k (xn − µk).

The M-step equations maximize the Q-function in (5.9), derived from the new

log-likelihood function in (5.8). The updates for each parameter are obtained by

setting the Q-function derivatives (with respect to the corresponding parameter)

equal to zero. For the mixing proportions π, utilizing the Lagrangian approach,

we incorporate the constraint
∑K

k=1 πk = 1 into the update equation to ensure the

constraint remains satisfied after updating. Hence, the partial derivative is applied

to Q′(Θ, Z, α) = Q(Θ, Z, α) + λ(1−
∑K

k=1 πk), where λ is the Lagrange multiplier.

By defining rnk = αnZnk as the responsibility of datapoint n being originated from

cluster k given the quality value αn, the π update equation is derived as follows:

∂Q′(Θ, Z, α)

∂πk
=

∂

∂πk

[ N∑
n=1

αn

K∑
k=1

Znk log(πk) + λ(1−
K∑
k=1

πk)
]

=
1

πk

N∑
n=1

rnk − λ = 0⇒ πk =

∑N
n=1 rnk
λ

*

∂Q′(Θ, Z, α)

∂λ
=

∂

∂λ

[
λ(1−

K∑
k=1

πk)
]
⇒ 1−

K∑
k=1

πk = 0

⇒ 1− 1

λ

K∑
k=1

N∑
n=1

rnk = 0⇒ λ =

K∑
k=1

N∑
n=1

rnk **

Substituting ** into * ⇒ πk =

∑N
n=1 rnk∑K

k=1

∑N
n=1 rnk

(5.10)

As mentioned, for updating the mean vectors and covariance matrices, the

partial derivation of the Q-function with respect to µ and Σ should be calculated

and solved for zero.
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∂Q(Θ, Z, α)

∂µk
=

∂

∂µk

[ N∑
n=1

αn

K∑
k=1

−ZnkMnk

2

]
=

N∑
n=1

αn

K∑
k=1

Znk
∂

∂µk

[−(xn − µk)
TΣ−1

k (xn − µk)

2

]
= Σ−1

k

N∑
n=1

αnZnk(xn − µk) =
N∑

n=1

rnkxn −
N∑

n=1

rnkµk = 0

⇒ µk =

∑N
n=1 rnkxn∑N
n=1 rnk

(5.11)

∂Q(Θ, Z, α)

∂Σk
=

∂

∂Σk

[ N∑
n=1

αn

K∑
k=1

−Znk

2

(
log(|Σk|) +Mnk

)]

=
N∑

n=1

rnk

(
− 1

2
Σ−1
k +

1

2
Σ−1
k (xn − µk)(xn − µk)

TΣ−1
k

)

= Σk

( N∑
n=1

rnk

)
−
( N∑

n=1

rnk(xn − µk)(xn − µk)
T

)
= 0

⇒ Σk =

∑N
n=1 rnk(xn − µk)(xn − µk)

T∑N
n=1 rnk

(5.12)

Hence, (5.10) is the updated analytical solution for πk replacing (5.4), (5.11)

replaces the calculation of µk in (5.5), and (5.12) replaces the solution for Σk in

(5.6). As can be seen, the new update policies for the context-aware EM, now take

into account the quality of each data point throughout the course of optimization.

Based on the new EM formulation, the resulting GMR generates a trajectory

that more closely resembles the higher-quality data points from the demonstration

dataset. As can be seen in the equations above, if “all” data points are considered

equally significant (for n = 1 : N we have αn = 1), then the analytical solutions for

the M step would converge to the conventional M step. Thus, the proposed math

suggests a new generalized form of EM that can incorporate the quality of data

points that may represent the quality or task context.
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5.2.2 Context-based α-functions

This work introduces an α-function to encode task-specific context within LfD.

The α-function translates task features into weights for individual demonstrations or

sub-demonstrations. For example, the function could modulate data point quality

based on trajectory smoothness, task completion time, proximity to the target, or

distance from obstacles. Note that some obstacles may only be introduced after the

initial demonstration. The question here is how to learn from demonstrations in a

way that incorporates these practical features through the design of α-functions.

This allows adapting the learned model based on measures of demonstration quality

and expected difficulty during task execution. The choice of α-functions depends

on the task context and can be designed by the trainer. We categorize α-functions

into two categories: (1) per-demonstration α-functions that act on the entire

demonstration and can be seen as a ’reward’ for whether a goal was achieved or

condition was kept, and (2) per-datapoint α-functions which act on each datapoint

and represent the quality of each datapoint irrespective of the overall demonstration.

Different α-functions can be combined together to incorporate several objectives

into a single quality measure (i.e., by multiplication of α-functions followed by a

normalization and scaling).

Examples of per-demonstration α-functions include measurements that evaluate

the entire trajectory such as speed, smoothness, and whether the trajectory contains

any collisions or reaches the goal location. These are in the form αd = α(τd), and

all datapoints in the demonstration are assigned the same αd value. Examples

of per datapoint α-functions include measurements that evaluate the distance of

datapoints from an obstacle or target location. These are in the form αn = α(xn),

and each datapoint has its own associated value.

5.3 Evaluation

We examine the proposed method and different α-functions through a com-

parative experimental study using the Franka robot. We conduct a real-world

obstacle avoidance task and collect demonstrations via kinesthetically teaching the

robot. For the experimental setup, there are three fixed cylindrical obstacles, a

start location, and a goal location. The trainer navigates the end-effector of the
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robot from the start location to the goal location while avoiding the obstacles.

The demonstration dataset is comprised of 20 demonstrations with varying speeds,

collision cases (13 without collision and 7 with at least one collision), and smooth-

ness, as shown in Fig. 5.3(A). The demonstrations were designed to cover diverse

cases that could occur during a kinesthetic training of the robot. They mimic

real-world situations, including suboptimal demonstrations due to human error

or differences between human teachers. In order to prescribe α for the proposed

context-aware EM algorithm, we implemented two different strategies, explained

below as “Per-demonstration α-function” and “Per-datapoint α-function”. The

former would assign α in a way that it is different between demonstrations but

similar within each demonstration. The latter case would assign α based on the

coordinates in the workspace and relative distance to targets and obstacles.

Per-demonstration α-function: Two components were considered in the Per-

demonstration α-function to represent the quality of the demonstration according

to the number of collisions and overall smoothness of the demonstrated trajectory.

The component for the collisions is given as ατd,c =
1

1+Nc
, where Nc is the number

of collisions with obstacles for a given demonstration. For the overall smoothness,

the component is considered to be the average of the inverse summation of the

differences between end-effector velocity in the XY-plane at each datapoint in

the demonstration: ατd,v = 1
Nd−1

(∑Nd−1
n=1 |(ẋn − ẋn+1)|

)−1
. Using the mentioned

components, we define each demonstration quality as the normalized product of

ατd,v and ατd,c as seen below:

ατd,d =
ατd,cατd,v

max(ατi,cατi,v)
s.t. i ∈ {1, 2, . . . , D} (5.13)

The calculated per-demonstration α uniformly modulates the quality factor of

all datapoints in the corresponding given demonstration, and this factor can vary

between demonstrations.

Per-datapoint α-function: The previous method did not account for varying

data quality within a demonstration. Even if some datapoints in a low-quality

demonstration were favorable for learning, they suffered the same quality reduction

as the rest. This may require collecting more demonstrations according the trainer’s

experience. However, the per-datapoint approach, explained in the following,

can utilize partial demonstrations and high-quality ”sub-demonstrations.” This
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is supported by the (5.10)-(5.12) of the proposed context-aware EM algorithm

which allows for the modulation of the quality factor for each and every datapoint.

To assess the functionality, in this experimental example, we created an α-map

on the robot task space given the context of the task (e.g., avoid obstacles and

convergence), and each point of the demonstration set can be given an individual

quality factor.

For this purpose, five different components for α-function are considered here in

this experimental validation to define the quality of datapoints in any demonstration.

Among the five, three components represent the Euclidean distance of the

datapoint from one of the three obstacles. (B.4) shows the equation for the

corresponding component given the ith obstacle location and radius. Likewise, two

components represent the negative of the Euclidean distance from the start and

goal locations (attracting regions). (B.5) shows the equation for the corresponding

component given the ith attracting location and the radius.

αn,o = max(10−6, ||xn − oi||2 − ri) s.t. i ∈ {1, 2, 3} (5.14)

αn,a = −max(10−6, ||xn − ai||2) s.t. i ∈ {1, 2} (5.15)

αn,f =
αn,oαn,a

max(αi,oαi,a)
s.t. i ∈ {1, 2, . . . , N} (5.16)

The overall field of α-map in (5.16) is created from normalizing the element-wise

product of all five mentioned α-maps in (B.4) and (B.5). The resulting α-map is

shown in Fig. 5.1(F) which is the normalized element-wise product of the other five

α-maps shown in Fig. 5.1(A)-(E). Thus, in this experimental protocol, by utilizing

the aforementioned α-field, we can associate quality factors to each datapoint based

on the obstacle repulsions and target attractions. Different maps can be generated

based on different features defining the quality and context.

Fig. 5.2(A) represents the per-demonstration quality (α) values given the dataset

in Fig. 5.3(A). It can be observed that the α of the demonstrations have been

reduced from unity based on the demonstration quality of the task. Additionally,

Fig. 5.2(B) shows the per-point α values for the same dataset. It can be observed

that the α varies within demonstrations indicating that the quality of the points

can be subject to local task contexts/changes; accounting for these enable increased
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Figure 5.1: The α maps resulting from: (A): the distance from the first object on
the left. (B): the distance from the second object in the middle. (C): the distance
from the third object on the right. (D): the starting point of the task.(E): the goal
of the task. (F): the normalized element-wise product of all α-maps.

dynamic variances for robot learning.

Randomizing obstacle locations: To further challenge and test the algo-

rithm’s ability to generalize to trajectories containing obstacle locations not present

in the demonstration dataset, we randomized the obstacle locations, which resulted

in new α-functions. Therefore, we evaluate whether, by only knowing the context

of the task (start, new obstacle, and goal locations), the proposed algorithm can fit

a probabilistic model that generates a trajectory learned from the demonstration

but not shown within the original demonstration dataset, eliminating the need for

data re-collection, and boosting generalizability of the robot learning. In other

words, if the robot can still learn from the demonstrations provided while adapting

to the new context of the task.

5.4 Results

The total demonstration dataset consisted of optimal and suboptimal trajectories

based on collision, speed, and smoothness. Here, the per-demonstration and per-

datapoint α-function approaches are compared to conventional GMR as a baseline.

In Fig. 5.3(B), we compare GMR to the per-demonstration α-function approach.
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Figure 5.2: (A): The plot of per-demonstration α function for each demonstration
in the dataset. (B): Visualization of the per-point α function for each point within
each demonstration.

The dataset used in this sub-experiment had eight trajectories (four with collisions,

four without). Since it contains many suboptimal trajectories, baseline GMR

also produced a colliding trajectory (with the first obstacle). However, the per-

demonstration approach avoided all collisions despite many provided demonstrated

trajectories containing them. This is because trajectories with collisions get lower

weights in the context-aware EM algorithm, decreasing their contribution to the

probabilistic model optimization. In contrast, baseline GMR considers all demon-

strations equally when fitting the model, thus reflecting aspects of the suboptimal

policy of the trainer.

In Fig. 5.3(C), we compare the baseline GMR with the per-demonstration

and per-datapoint α-function approaches. The demonstration dataset had five

trajectories (four with collisions, one without) reflecting overall low quality. The

baseline GMR produced a colliding trajectory. The per-demonstration approach

led to a trajectory with a very close distance to the left obstacle. The per-datapoint

approach generated a trajectory that avoided all obstacles. This experiment

represents an overall poor demonstration quality and implications of the per-

demonstration method. The per-datapoint method differentiates locally between

high and low-quality data points, maintaining contributions from high-quality
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Figure 5.3: (A): Example set of 20 demonstrations. The green circles indicate
the obstacles in the task space. (B): Per-demonstration approach. The dataset
consists of four with collision cases and four without. (C): Per-demonstration
approach (blue), Per-datapoint approach (black), and baseline GMR (red). The
dataset consists of four trajectories with collision cases and one without. (D): Few-
Shot Learning. The dataset consists of four colliding trajectories. (E): One-Shot
Learning. The dataset contains only one demonstration, which collides with all
three obstacles. (F): Randomized Obstacles. The obstacle locations are moved to
new locations. The per-datapoint approach generates trajectories that avoid new
obstacles in the new task setting.
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points while reducing the effect of low-quality points on the generated policy.

In Fig. 5.3(D), we reduced the provided demonstrations to only four trajectories,

all containing collisions. This is an extreme case when the trainer provided a

poor quality of demonstration. The baseline GMR and per-demonstration α-

function approach failed to generate collision-free trajectories. Since all provided

demonstrations had collisions, the per-demonstration approach down-weighted

them all similarly, resulting in a suboptimal trajectory similar to that generated by

the baseline GMR. However, the per-datapoint approach generated a collision-free

trajectory despite the collision-only dataset. This is because it assigns quality factor

to each datapoint using the α-map, enabling local context-based quality assessment

and improving policy generation in the presence of low-quality demonstration.

In Fig. 5.3(E), only one demonstration was provided for training, in which

the robot collided with all three obstacles, simulating a very complex task for

the robot to infer. Since the baseline GMR and per-demonstration approach

are identical with one demonstration, only the per-demonstration trajectory is

shown. This example illustrates the clear effect of the task space α-map on learning.

The per-demonstration approach ”learned” to collide with obstacles as that was

the only dataset provided. In contrast, the per-point approach utilizes the task

context information to consider datapoints with higher α values (no collision) and

significantly lessen the contribution of data points with lower α values (collision

points), resulting in a policy that safely maneuvers the robot in between obstacles.

The approach learns the overall behavior from the provided demonstration and

augments that knowledge with information provided by the α-function encoding

task context.

In Fig. 5.3(F), the obstacle locations were moved to an unseen configuration

after demonstrations were provided, inducing a mismatch between the original

and new task contexts. This caused most demonstration trajectories to collide

with the new obstacle locations. As a result, utilizing conventional models would

require re-collecting demonstrations in the new setting to encode the new policy;

otherwise, the generated trajectories would collide with the new obstacles. In

particular, the baseline EM and per-demonstration approaches collided with all new

obstacles, failing to adapt to the changed context when no new demonstration was

provided. However, the per-datapoint approach augmented the trained policy with
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the new task context, avoiding all collisions. Thus, by encoding α-map values, the

proposed context-aware EM could generate policies that are flexible with the induced

changes in the task context without the need for re-demonstration. Therefore,

the proposed context-aware EM algorithm can learn a policy (i.e., navigate start

to goal while avoiding obstacles) from the original demonstrations and adapt the

learned policy based on the new context (using the alpha-map) without needing new

demonstrations, thereby augmenting scalability, increasing flexibility, and relaxing

the need for extensive recalibration when task parameters change.

5.5 Discussions

In this chapter, we have introduced a context-aware EM algorithm for kinesthetic

robot learning from demonstrations that considers local data quality and task

context. Kinesthetic training can result in suboptimal demonstrations containing

jerky motions, collisions, and trajectory deviations due to dynamical discrepancies

between humans and robots, uncompensated impedance, stability concerns with

low impedance control, delays, and other factors. These imperfections present a

key challenge because they can adversely affect the quality of the demonstrations

and thus the learned policy if all demonstration segments are valued equally

during the optimization process. To address this, we have derived a mathematical

formulation for a context-aware EM algorithm that assigns a localized quality

factor to each data point based on the task context and demonstration quality.

This quality factor tunes the data point’s contribution when fitting the parameters

of a model using a new formulation of the EM approach. We have validated

the advantages of our algorithm by providing a set of suboptimal kinesthetic

demonstrations containing collisions and trajectory errors. In contrast to traditional

methods that fail on such demonstrations, our context-aware approach can generate

smooth, optimal trajectories by selectively down-weighing low-quality portions of

the demonstration data. This highlights significant improvements over conventional

learning from demonstration solutions that treat all segments equivalently. Our

method can potentially enhance robot learning in manufacturing and healthcare

applications where a trainer can provide imperfect demonstrations kinesthetically

or when a group of trainers with different expertise levels provides various-quality
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demonstrations. It should also be added that the proposed context-aware learning

approach can allow for the adaptation of optimized policies from a small number

of suboptimal demonstrations when task conditions change, increasing the data-

efficiency of learning.
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Part III

Learning Human Intent
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Chapter 6

Cost Function Estimation Using

Inverse Reinforcement Learning

with Minimal Observations

We present an iterative inverse reinforcement learning algorithm to infer optimal

cost functions in continuous spaces. Based on a popular maximum entropy criteria,

our approach iteratively finds a weight improvement step and proposes a method

to find an appropriate step size that ensures learned cost function features remain

similar to the demonstrated trajectory features. In contrast to similar approaches,

our algorithm can individually tune the effectiveness of each observation for the

partition function based on the current estimate of the cost function parameters,

guiding the algorithm towards better estimates in the following iterations. In

addition, it does not need a large sample set, enabling faster learning. We generate

sample trajectories by solving an optimal control problem instead of random

sampling, leading to more informative trajectories. The performance of our method

is compared to two state of the art algorithms to demonstrate its benefits in several

simulated environments.

Prior work have tried to solve the IRL problem by either using a maximum

margin formulation [149], or considering a task related probability distribution to

quantify the occurrence of the expert demonstration with highest probability given

the cost function [206] using maximum entropy principle [75]. Initially, in [206], for

small discrete domains dynamic programming was used to estimate the distribution
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accurately. Further in [30], this approach was modified to optimize the embedded

maximum likelihood estimation given the relative entropy of the samples. Since

then, efforts have been made to generalize these method to higher dimensions and

continuous domains using various techniques for estimating the distribution such

as approximation [100] and various sampling methods [6, 58, 80].

Although these approaches have shown great potential for learning the cost

function, they still suffer from various shortcomings. For example, local sam-

pling around expert demonstration, as used in [6, 80, 82], might fail to contain

informative and diverse non-optimal demonstrations to represent task space as a

whole. Furthermore, requiring initial sample set can be challenging as well. It

either necessitates to use specialized sampling techniques, or to use simpler uniform

sampling while risking inaccuracy. Aside from the need for initial samples, most

approaches require to use all the samples iteratively for accurate estimation of the

trajectory space, which can be computationally demanding. In addition, a majority

of IRL methods tend to control convergence based on probabilistic features such as

maximum or relative entropy. Hence, the cost function will not be estimated by

how optimal it can generate a new trajectory close to the expert demonstration.

Some of these issues can be mitigated with IOC approaches, where gradient-based

methods are used to solve the problem, hence foregoing the need of trajectory

sampling. However, IOC approaches tend to be computationally expensive as they

require to solve a bi-level optimization problem which includes an OC problem in

its inner loop [125].

Another challenge in regards to approximating the trajectory space in the

sampling-based approaches, is to incorporate how non-optimal is a sampled tra-

jectory within the trajectory set. To capture this measure of non-optimality, in

[80], the trajectories are sampled in the local vicinity of the optimal trajectory,

considering their non-optimality as uniform within that vicinity. Closer to our

approach, in [30] and [58], non-optimal samples are individually rescaled. While

these efforts improve the trajectory space approximations, they do not rely on

the policy parameters the IRL is optimizing, but rather on the system dynamics

uncertainties and state-action transition probability distributions.

To address these challenges, this paper proposes an iterative sampling-based

IRL algorithm based on maximum entropy principles for continuous task spaces.
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The approach seeks to iteratively find improvements in the cost estimate while

ensuring it would generate trajectories close to the demonstration. We reformulate

the probability distribution of the demonstrations by individually tuning the

effectiveness of each sample based on the the previous iteration’s estimate of the

cost function parameters.

Moreover, sampling is conducted using an OC solver, where at each iteration

we generate new trajectories based on the current cost function estimation. This

generates meaningful samples consistent with the the intended use of the cost

function and relaxes the need for an ad-hoc sampling strategy. We demonstrate

empirically that our approach leads to significantly faster convergence and higher

quality estimates when compared to state of the art methods.

6.1 Preliminaries

Our method relies on the probabilistic approach of [206], which writes the

probability of the expert’s demonstration (referred to from now on as the optimal

trajectory)

P (τ ⋆|τ̄ ) = 1

Z
exp(−C(τ ⋆)) (6.1)

with partition function

Z = exp(−C(τ ⋆)) +
∑
τi∈τ̄

exp (−C(τi)) (6.2)

where τ ⋆ is the optimal trajectory. Observed trajectories are denoted as τ =

{x0,u0,x1,u1, . . . ,xT} where xt and ut are state and control inputs at time t.

T is the length of the trajectory. C(τ) is the cost of trajectory τ , and τ̄ =

{τ1, τ2, . . . , τK} is the set of all observed trajectories, excluding τ ⋆. With this

formulation, trajectories with higher cost are exponentially less likely to occur and

vice versa.

The optimal expert demonstration τ ⋆ should then have the highest probability

compared to all other possible trajectories. Hence, IRL approaches based on

(6.1) aim to maximize the probability of the optimal trajectory, under any set of

trajectory observations τ̄
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C⋆ = argmin
C

− log(P (τ ⋆|τ̄ )) (6.3)

A key challenge in such methods is estimating the partition function, i.e. gener-

ating a representative set of non-optimal trajectories that will help discriminate cost

functions when solving (6.3). In the following we propose a method for generating

trajectories used in the partition function Z that allows the IRL algorithm to

have a reasonable understanding of how much each observed trajectory should

be incorporated into the partition function. This approach allows for a better

representation of the partition function, and even relaxes the need to have all

observed trajectories used for the trajectory space representation, hence reducing

computational cost.

6.2 Methods

As mentioned above, we are interested in finding cost functions represented by a

linear combination of explicit features. This representation is more constrained than

IRL approaches based on neural networks but has two benefits: it allows a seamless

integration of the learned cost with optimal control solvers for model-predictive

control (MPC) and provides interpretable cost functions, which is important for

human movement understanding or human-robot interaction tasks. Further, such

cost functions are capable of generating diverse movements and achieving many

tasks [117]. We hence search for costs represented as a weighted sum of features

C(τ,w) = wTΦ(τ) (6.4)

Φ(τ) =
T−1∑
t=0

ϕs(xt,ut)∆t+ ϕT (xT ) (6.5)

where Φ(τ) is a vector of time integrated features of τ . ϕs and ϕT are vectors of

stage and terminal cost features, respectively. For brevity, the features of the ith

trajectory is denoted Φi, and Φ⋆ is the optimal trajectory’s feature vector.

6.2.1 Problem Statement

Given the linearity assumption of the cost function, the IRL problem becomes
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w⋆ = argmin
w

− log(P (τ ⋆|w, τ̄ )) (6.6)

s.t. w ≥ 0 (6.7)

This problem aims to find weights that maximize the probability of the optimal

trajectory for a set of observed trajectories. As a consequence, the recovered

weights should then produce the same optimal trajectory when used in an OC

solver. However, maximizing the probability of the optimal trajectory does not

guarantee this. Indeed, the partition function cannot be computed for all possible

trajectories and will be computed from a finite, often small, set of non optimal

trajectories. Therefore, there exist trajectories not included in the set that can

have higher probability than the demonstration. This issue is typical of all IRL

approaches based on (6.1). In this paper, we mitigate this issue by proposing a

way to minimize the difference between the estimated costs and the features of the

optimal (Φ⋆) and OC trajectory (denoted henceforth as Φ̃).

We propose to solve the problem iteratively by taking small steps ∆w to improve

the cost candidate and propose a procedure to accept such a step at each iteration

to ensure it also improves the trajectory that will be generated by the OC solver.

6.2.2 Computing a step direction

We can explicit the minimizing of (6.6) as

w⋆ = argmin
w

− log
1

1 +
∑

τ∈τ̄ e
−wT (Φi−Φ⋆)

(6.8)

Since we seek to find an improvement step, we write the weights at iteration n+ 1

as wn+1 = wn +∆wn which leads to the following problem

∆w = argmin
∆w

− log
1

1 +
∑

τ∈τ̄ γie
−∆wT

t (Φi−Φ⋆)
(6.9)

s.t. ∆wt > −wt (6.10)

where

γi = e−wT
t (Φi−Φ⋆) (6.11)
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can be understood as a weight on each trajectory to give more importance to

non-optimal trajectories that are more probable. This means that trajectories that

are farther from optimality will weigh less on the ’changes’ in weights and vice versa.

The benefits of assigning a weight to each trajectory when computing the partition

function has already been discussed in [30, 58], where an importance sampling

argument was used to specifically compute these weights. In our approach, these

weights, which are dependent on both trajectory features and cost weights, appear

naturally as we search for an improvement direction ∆w.

6.2.3 Step Acceptance Method

Once a step candidate ∆w has been computed by solving problem (7.3), we

need to determine the actual step size to ensure that the change of weight will

help find a cost function that will lead to trajectories closer to the optimal one.

Reminiscent to line search methods in optimization, we generate a trajectory with

an OC solver using wt+1 = wt + α∆wt where α = 1, and check if this trajectory is

closer to the optimal trajectory in either feature space or cost using the following

two merit functions

m1(wt+1) = m1(wt + α∆w) =
1

2
(wTΦ⋆ −wT Φ̃)2 (6.12)

m2(wt+1) = m2(wt + α∆w) = ||Φ⋆ − Φ̃||2 (6.13)

We will accept a step if it leads to an improvement on either of these merit

functions. For m1, as we can compute its derivative with respect to ∆w, we use

Wolfe conditions to measure acceptable improvement. For m2 we simply require

that it is lower than its value at the previous iteration. We then add the OC

solver’s resulting trajectory with the new weight estimate to τ̄ and iterate again.

Otherwise, we decrease α and try again. In our algorithm, if we did not find an

acceptable step-size after 10 iterations, the algorithm terminates.

The procedure above also explains our approach to sampling, as we add trajec-

tories computed with an OC solver in our dataset. Initially, the algorithm has bad

weight estimation and it results in trajectory samplings that are far from optimal.

As iterations proceed, generated trajectories become closer to the optimal one. This

way, our trajectory sample set will contain both ”good” and ”bad” non-optimal
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trajectories.

6.2.4 Sub-sampling Trajectories

We propose to augment our dataset by adding trajectories of reduced length

from the current trajectories. For each full length trajectory, with T timestamps

per trajectory, in the partition function, we create a sub trajectory starting from

t = d and ending at t = T . We generate several subset of trajectories by using

different values of d ∈ D. Our minimization is then adapted to

∆w = argmin
∆w

∑
d∈D

−θd log
1

1 +
∑

τ∈τ̄ γie
−∆wT (Φi,d−Φ⋆

d)
(6.14)

where Φi,d and Φ⋆
d denote features truncated from t = d and D is the set of

timestamps equidistantly chosen between 0 and T . For example, for N = 3, in

addition to the original set we will have two more subsets, containing trajectories

with a one-third and two-thirds of their original lengths, i.e., if T = 100, then

D = {0, 33, 66}. To give more importance to longer trajectories, we scale each

subset’s likelihood by a coefficient θd = (T − d+ 1)/(T + 1). This can be useful for

lower dimensional feature spaces, and lower length trajectories where the trajectory

cost can be less sensitive to weight changes.

6.2.5 Regularization

We also add L1 and L2 regularization to form an elastic net regularization, to

lower weights magnitude and favor sparsity. The induced sparsity in ∆w causes

the most important features to change weight instead of all at the same time. We

thus minimize

∆w = argmin
∆w

∑
d∈D

−θd log
1

1 +
∑

τ∈τ̄ γie
−∆wT Φ̄id

+ λ|∆w|+ β

2
||∆w||22 (6.15)

Regularization is useful when feature space is small, and learning process can be

challenging especially when opposing features are present as seen in the experiments

below.
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6.2.6 Moving Window

Since our approach restricts the steps taken to improve the weights and further

scales the importance of each trajectory in the partition function individually, it

is not necessary to keep a large history of trajectories to compute the partition

function. Indeed, trajectories far from the optimal one will have a negligible weight.

Therefore we will only use the last L trajectories at each iteration, discarding older

trajectories.

This approach is in contrast to several maximum entropy based IRL algorithms

which typically require many trajectories to work well. This further helps reduce

computational cost and empirically we notice that it leads to faster convergence as

can be seen in Sections 6.3.1.2 and 6.3.2.2.

The method is summarized in Algorithm 2. To initialize the trajectory set τ̄ , we

solve the OC problem given an initial guess of cost weights which we set to small

non-zero values. The resulting trajectory τ0 is the initial set of the non-optimal

trajectories. τ̄ all represents the set of all sampled trajectories throughout the

iterations.

6.3 Results

In this section, we evaluate our approach (MO-IRL for Minimum Observation

IRL) on two different environments and compare it with state of the art approaches.

The first environment is a simple goal-reaching and obstacle avoidance task with

a point mass model. The second environment is a reaching task with obstacle

avoidance with a simulated Kuka IIWA 14 robot. We compare our results against

the approaches proposed in [82] and [6], which will henceforth be referred to as

PI2-IRL and IS-IRL (for Iterative Scaling), respectively. These methods sample

local trajectories based on the method provided in [78]. We used Pinocchio [39]

together with the Croccoddyl framework [117] and the MiM Solver nonlinear SQP

solver [77] to solve OC problems. We used MuJoCo [180] for the robot simulation.

The demonstrated trajectory in all subsequent examples is generated by setting cost

weights and using the SQP solver. We do not use the optimal weights anywhere in

the tests.
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Algorithm 2 MO-IRL
Input: τ⋆, L,N
Output: wirl

1: t← 0, w0 ← [0.01] # Non-zero small values

2: D = {0, 1
N T, 2

N T, . . . N−1
N T} # for N sub-samples

3: τ0 = OC(w0), τ̄ = {τ0}, τ̄ all = τ̄
4: M1 ←∞, M2 ←∞
5: while not converged do
6: Find ∆w using (6.15)
7: α← 1
8: while Step not found for 10 trials do
9: if m1(wt + α∆w) < M1 or m2(wt + α∆w) < M2 then

10: wt+1 ← wt + α∆w # Step Found

11: M1 ← m1(wt + α∆w)
12: M2 ← m2(wt + α∆w)
13: else
14: α← α/4 # Step Not Found

15: end if
16: end while
17: τt+1 = OC(wt+1)
18: τ̄ all = {τ0, τ1, . . . , τt+1}
19: if t+ 1 > L then
20: τ̄ = τ̄ all

21: else
22: τ̄ = {τt−L+1, τt−L+2, . . . , τt+1}
23: end if
24: t← t+ 1
25: end while

6.3.1 Point Mass Environment

6.3.1.1 Problem setup

Our first environment is a 2D point mass that reaches a target reaching and

obstacle avoidance. The task is to reach the green square, while avoiding the gray

circles. The full trajectories are 1.5s long for in the one obstacle case, and 2.5s

seconds long for the other cases with ∆t = 0.05. We use the following cost features:

Goal tracking (’G’) is a quadratic cost on both state distance to the goal and

non-zero velocity, state and control regularization (Namely ’XReg’ and ’UReg’)

is the squared summation of the corresponding vectors, obstacle avoidance cost

for Nobs obstacles (’Obs’) is zero if the point mass is farther from an obstacle by
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an activation margin l, and otherwise increases quadratically with the distance to

the obstacle’s center Oi. We use the same set of features (excluding UReg) for the

terminal costs.

The initial trajectory set for PI2-IRL and IS-IRL were generated by rolling

out 20 noisy control inputs in the parametrization of the optimal trajectory. For

MO-IRL, however, there is no need for an initial set, and only an OC solution with

small non-zero weights will suffice as the ’set’ of non-optimal trajectories. For the

moving window of the MO-IRL we used L = 1, meaning that at each iteration

only the previously generated trajectory is used for updating the weights. Lastly,

we used N = 20 sub-samples for the trajectories, and regularized the maximum

likelihood estimation by choosing λ = 10−6, β = 10−2.

6.3.1.2 Results

Fig.6.1 shows the performance of MO-IRL in comparison with PI2-IRL and

IS-IRL. We test the algorithms in 3 different point mass environments with 1, 4,

and 5 obstacles (referred to as ’PM1’, ’PM2’, and ’PM3’, respectively), and show

the OC solution for the resulting cost function for the point mass starting from

different locations on the map. For MO-IRL, convergence happens after 6, 2, and

2 iterations for PM1, PM2, and PM3 respectively, with samplings getting closer

to the optimal trajectory faster than the other methods. We can also see, that

with changes in the task (starting from other points) the point mass still avoids

obstacles and reaches the goal.

PI2-IRL however, fails to learn a cost that avoids obstacles. This mismatch of

goal association comes from the fact that ’XReg’ and ’G’ features are inherently

opposing each other, making it a challenge to tune them well. During optimization,

we observed that PI2-IRL fails to lower the ’XReg’ weights in the terminal features,

which results in the attraction of the point mass towards the starting point when

approaching the terminal state. IS-IRL samples trajectories at each iteration by

analyzing the entire sampled set, and based on the minimum cost difference of the

trajectories, increases the temperature of the exponentiated cost in the maximum

likelihood estimation process. This tends to render learning more sensitive to

smaller changes in the feature space as samples get closer to optimality. Although

this approach has the advantage of monitoring the IRL improvement, it has some
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potential issues. First, the stopping criteria only rests on temperature passing a

threshold, and not how the weights converge. As a result, IS-IRL will increase the

weights to much higher values than needed by the last iterations, losing sensitivity

to some features, which can lead to some issues. For example, we see in Fig.6.1 that

in PM2, all trajectories starting behind the obstacles converge to a local minimum

and never reach the goal. Indeed, the loss of sensitivity to certain features led the

algorithm to give too large weight on the obstacle avoidance costs to the detriment

of target reaching. Secondly, IS-IRL intends to change the effectiveness of the

sampled trajectories, but it does so by changing the temperature for the whole

set, meaning that the entire set is needed to form the partition function. This can

be computationally heavy as iterations proceed. Conversely, in our method the

influence of the trajectories is individually tuned given the previous weights, which

relaxes the need for having the full set at all times.

Fig.6.2 shows the performance of the algorithms on the point mass tests. MO-

IRL concludes the training much earlier than IS-IRL, even though it terminates on a

higher trajectory costs. IS-IRL usually starts the iterations where PI2-IRL finishes

the learning, which is expected since without iterative scaling of the partition

function, IS-IRL and PI2-IRL are practically very close in nature. Table 6.1, shows

the costs of the trajectories generated from the learned weights from each algorithm

using the original optimal cost function. Our approach produces a trajectory

with a cost closer to the optimal cost. In addition, computation time is provided

in Table 6.2 and stresses the performance of the method to find a suitable cost

function. While PI2-IRL is faster, it does not converge to good cost functions. We

implemented each algorithm in a similar way but our results need to be taken with

care as it is always possible to improve an implementation.

To better understand the importance of each part of the algorithm, we conducted

experiments with PM2 with versions of the algorithm that did not include the

step acceptance strategy, the regularization or sub-sampling. The results are

summarized in Fig. 6.3. We notice that without either of these approaches, the

algorithm fails completely at recovering a good cost. Adding sub-sampling leads to

some trajectories reaching the target. Adding the step acceptance strategy further

leads to trajectories that always reach the target several are colliding with the

obstacles. Regularization similarly improves the behavior of the algorithm, with
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similar obstacle collision issues. The best results are found when everything is used.

6.3.2 Robot Simulation

6.3.2.1 problem Setup and Initialization

In this example, we study a goal reaching task with obstacle avoidance for a

simulated torque-controlled 7-DOFs Kuka iiwa robot. We use the same cost features

(albeit in a higher dimensional space) and do the following modifications. The goal

cost is computed in end-effector frame. We further create capsules around the last

four links of the robot and use the distance between the capsules and the obstacles

to compute obstacle feature costs (one feature per pair of capsule / obstacle). The

full trajectories are one second long, with ∆t = 0.01. The environment consists

of Nobs = 4 box obstacles that the robot has to maneuver around in order to get

to the green sphere target. For stage cost, there are 19 features (16 for obstacle

avoidance, XReg, UReg, and G), and 18 for the terminal (All but UReg), making

the total of 37 cost features. The initial trajectory set for PI2-IRL and IS-IRL were

generated by 20 noisy DMP rollouts. We noticed that when the feature numbers

are relatively high, it is more beneficial to the learning if the weights are bounded

as mentioned in 6.2.4 so that no overweighting would occur. Although this weight

binding is a helpful improvement for MO-IRL, it is necessary for IS-IRL since it

weighs the obstacle avoidance features high and forgets other cost features, resulting

in robot not moving at all. Hence, for the results presented in this section, we used

weight bounds for all approaches (1 ≥ wt ≥ 0). In the robot simulation scenario,

we choose parameters L = 1, N = 20, λ = 10−6, and β = 10−5 for MO-IRL.

Table 6.1: Point Mass costs given optimal cost function
Cost ×104 w⋆TΦMO w⋆TΦIS w⋆TΦPI2 w⋆TΦ⋆

PM1 0.5085 0.5121 1.8025 0.5036
PM2 0.6061 6.0114+ 6.3888+ 0.5091
PM3 0.5613 0.5779 6.0938+ 0.4970
+Did not converge to target.
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Figure 6.1: The performance of the IRL algorithms on three point mass environments
(one per column). Results are shown in pairs of rows for MO-IRL, PI2-IRL, and
IS-IRL. Top row of each pair shows the sampled trajectory set for each algorithm.
Bottom rows of pairs show the set of OC rollouts based on the learned cost function.
The initial optimal trajectory is shown in green in the bottom row. In the bottom
rows, rollouts with obstacle collision are shown in red.
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Figure 6.2: Performance of MO-IRL and IS-IRL throughout their iterations. First
column indicates the deviation of the resulting trajectory from optimality, second
column shows the cost differences of the optimal and the solved trajectory given
the estimated weight set, and the third column shows the cost difference of the
optimal and solved trajectory given the optimal weights at each iteration. Vertical
dashed lines show the termination of associated algorithms. PI2-IRL’s performance
is shown by a horizontal red dashed line.
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Figure 6.3: Comparison of each improving step for modifying the IRL performance.
(a) shows the algorithm without any step acceptance, regularization, and sub-
sampling. (b) is the same as (a) with sub-sampling. (c) shows (b) with added step
acceptance method. (d) is (b) but with regularization. (e) shows the full version
with sub-sampling, regularization, and step acceptance method.

6.3.2.2 Results

Fig.6.4 portrays the sampling set for IRL performances in the Kuka simulation.

It can be seen that the trajectory sampling of MO-IRL is significantly different from

that of the other approaches. The samples needed for MO-IRL are not local unlike

the other samplings seen for PI2-IRL and IS-IRL. In addition, due to this particular

sampling, MO-IRL can converge with a lower number of trajectory samples. For

PI2-IRL the number of samples does not change (20 trajectories). For IS-IRL, this

number rose to 55, and for MO-IRL, total sample count was only 14. Although the

Table 6.2: Point Mass IRL computation time (sec)
PM1 PM2 PM3

MO-IRL 20.14± 3.60 24.69± 18.76 29.50± 9.51
IS-IRL 40.77± 3.54 93.07± 17.45 90.17± 8.79
PI2-IRL 4.13± 3.07 4.72± 3.71 7.84± 2.91
⋆Results are achieved under the same setting on a single device, with
an Intel Core i7-10750H CPU @ 2.60GHz
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Figure 6.4: Sampled trajectory sets for the IRL approaches. MO-IRL carries out
a different way of sampling that is not necessarily local to the optimal trajectory.
PI2 IRL uses only the initial noisy local rollouts. IS-IRL concludes the iterations
with a trajectory set containing both initial local rollouts, and OC’s solutions. The
green path seen on the left figure is the optimal trajectory.

samples for MO-IRL are not as diverse as the ones for IS-IRL, there are trajectories

that have gone through the obstacles that could not have been achieved by local

rollouts. This ability of MO-IRL to generate informative bad demonstrations is

extremely important for exposing the robot to states that it should learn not to go

towards. For example, in the initial stage where there are only τ0 and τ ⋆ sampled,

MO-IRL optimize a cost that create trajectories going straight to the goal. This

results in sampling a trajectory that hits the obstacles along its way, gaining more

knowledge about the environment in subsequent iterations.

We compare the iterative performance of the algorithms for robot simulation

in Fig.6.5. Similar to point mass tests, MO-IRL terminates after a lower number

of iterations with higher optimal trajectory cost difference in comparison to IS-

IRL. Unlike in the point mass tests however, MO-IRL produces the most optimal

trajectory in terms of the features (left sub-figure). Moreover, since we used only the

latest trajectory in MO-IRL, the computation for weight change is less demanding,

and the convergence happened twice as fast as IS-IRL.

Fig. 6.6 shows how the robot conducted the task given the learned weights.

PI2-IRL in this test case performed poorly, as the same failure occurred for tuning

the XReg against G, therefore robot stands mostly still. For that reason we cannot
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Figure 6.5: Iterative performance comparison between MO-IRL and IS-IRL. PI2-
IRL’s performance is indicated by the horizontal dashed red line.

portray any movement resulting from PI2-IRL in Fig. 6.6. MO-IRL and IS-IRL

however showed good performance for the same task and when the goal position was

changed. Apart from the environment with the same goal position (left sub-figure)

where IS-IRL slightly grazes the lower obstacle, both algorithms showed nearly the

same behavior.

To empirically investigate how the learned cost would fare in a different envi-

ronment, we moved the obstacles and the goal in such a way that the robot needs

to needle through the obstacles to get to the target. Fig. 6.7 shows the results for

this experiment. Like in the previous environment, the robot shows performance

with lower cost closer to the optimal one. However, we notice that the resulting

behavior is different from the one generated with the optimal cost. The optimal

cost (which we tuned for the first environment) generates a trajectory that hits

the obstacles while the trajectory generated by our approach is different and does

not hit the obstacles. We hypothesize that since our approach is designed to find

small weight changes ∆w, it tends to find smaller, well-balanced weights overall

which might lead to better balanced feature selection. This will need, however, to

be further investigated.

Table 6.3 shows the comparison between costs of the trajectory generated by

the weights learned by MO-IRL, IS-IRL, and PI2-IRL with respect to the desired

cost function. We provide computational times to convergence as well as cost per
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Figure 6.6: Comparison of robot behavior in the same obstacle environment with
different goal locations. MO-IRL, IS-IRL, and optimal solution given the desired
weights, are shown in blue, yellow, and green respectively.

iteration. MO-IRL is very efficient compared to IS-IRL (PI2-IRL did not find good

costs).

6.4 Discussions

We presented the MO-IRL algorithm, which iteratively improves the estimate

of the optimal cost function by representing the trajectory space with minimal

samples. We have shown that the approach can outperform state of the art IRL

algorithms. Our method assigns individual tuning to trajectory samples for the

partition function at each iteration depending on the most recent weight estimation

with respect to the optimal trajectory. This means that any subset of samples in

the set using this method can provide a reasonable space representation, relaxing

Table 6.3: Robot Simulation costs given optimal cost function

Cost ×104 w⋆TΦMO w⋆TΦIS w⋆TΦPI2 w⋆TΦ⋆

Same Task 8.635 8.949 322.703+ 7.607
Changed Env. 365.221 394.249 380.1662+ 182.584
Duration (s) 20.8± 10.5 73.6± 28.5 45.9± 30.5 N/A
1 Iteration (s) 6.16± 5.11 2.07± 0.70 N/A N/A
+Did not converge to target.
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Figure 6.7: Comparison of robot behavior in different challenging obstacle environ-
ment and goal location. The images are for the same test from different angles for
better visibility. The color-coding is the same as in Fig. 6.6.

the need for subjective tunings in the partition function, or necessity of including

all samples. Due to the independence of MO-IRL to the whole sampled trajectory

set, even one trajectory can be sufficient for learning the weights properly. This

helps both convergence and computational complexity. Moreover, MO-IRL does not

rely on local samplings and consequently does not require a policy parametrization.

Instead, the samples are drawn from the OC solver at each iteration where a new

cost function is estimated.

In the future, we aim to exploit the algorithm and its advantageous computa-

tional complexity towards online cost learning and MPC implementations. This

would be beneficial for human-in-the-loop scenarios where an expert is presently

trying to interactively teach a task to a robot.
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Chapter 7

Human Motion Prediction using

Inverse Reinforcement Learning

with Minimal Observations

This chapter investigates whether a single, unified cost function can explain

and predict human reaching movements, in contrast with existing approaches

that rely on subject- or posture-specific optimization criteria. Using the Minimal

Observation Inverse Reinforcement Learning (MO-IRL) algorithm, together with a

seven-dimensional set of candidate cost terms, we efficiently estimate time-varying

cost weights for a standard planar reaching task. MO-IRL provides orders-of-

magnitude faster convergence than bilevel formulations, while using only a fraction of

the available data, enabling the practical exploration of time-varying cost structures.

Three levels of generality are evaluated:

1. Subject-Dependent Posture-Dependent

2. Subject-Dependent Posture-Independent

3. Subject-Independent Posture-Independent

Across all cases, time-varying weights substantially improve trajectory recon-

struction, yielding an average 27% reduction in RMSE compared to the baseline.

The inferred costs consistently highlight a dominant role for joint-acceleration

regulation, complemented by smaller contributions from torque-change smoothness.
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Overall, a single subject- and posture-agnostic time-varying cost function is shown

to predict human reaching trajectories with high accuracy, supporting the existence

of a unified optimality principle governing this class of movements.

IRL offers a probabilistic alternative that reduces the number of nested optimiza-

tions, but its performance depends strongly on the quality of the trajectory-space

approximation. Existing approaches attempt to improve this approximation through

local sampling around demonstrations [79, 81] or through trajectory augmentation

[59], but sampled trajectories often remain too close to the observed ones and must

all be included in the likelihood computation, which increases computational cost.

To overcome these limitations, we turn to Minimal Observation Inverse Rein-

forcement Learning (MO-IRL) [123]. This method approximates the trajectory

space by iteratively scaling the contribution of each observed trajectory based on

its estimated optimality. Even with a small observation set, MO-IRL provides

improved weight updates and achieves significantly faster convergence.

In this context, the goal of this paper is to investigate, for the first time, whether

time-varying cost weights can be used to recover a single unified cost function

that explains human reaching motions across different subjects and initial postures.

Addressing this question requires an inverse reinforcement learning method that

remains efficient even when the number of parameters grows significantly. To this

end, we extend Minimal Observation Inverse Reinforcement Learning (MO-IRL) so

that it can learn tasks involving time-varying cost weights, and we formulate an

estimation procedure that jointly leverages both position and velocity information

from human demonstrations. We validate our approach on a widely used reference

dataset in the human motor control community [24].

7.1 Methods

7.1.1 Experimental protocol and mechanical model

The human data used in this study were kindly provided by Berret et al.

[24]. These data were used in numerous other studies since their publication and

are considered a reference. They consist of motion capture 3D marker positions,

including markers located at the shoulder, elbow, and wrist level. Data from 15
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Figure 7.1: (a) Biomechanical model definition, showing the beginning and the end
of the pointing task. (b) Five different initial postures for the pointing task [24].

right-handed naive subjects were provided. Subjects performed the pointing task

depicted in Fig. 7.1.a. While seated, participants were instructed to perform a

series of pointing movements toward a vertical target bar positioned in front of the

participant. Only shoulder and elbow flexion/extension were permitted during the

task, as wrist movement was restricted. The shoulder-to-bar horizontal distance

was set to 85% of the participant’s total arm length (L = L1 + L2, with L1 and L2

representing upper arm and forearm lengths, respectively; Fig. 7.1.a). Five initial

arm postures, labeled P1 through P5 and shown in Fig. 7.1.b, were defined. Each

individual performed 20 trials for each posture.

A planar biomechanical model ( Fig.7.1.a) was developed to represent flexion/ex-

tension movements at the shoulder (q1) and elbow (q2) joints. The model’s base

frame was located at the shoulder joint, and the relative positions of successive joints

in their parent frames were computed using segment lengths L1 and L2, estimated

from marker data. Inertial parameters were calculated using anthropometric tables

[52].

7.1.2 Optimal control problem

In the context of pointing or reaching movements, inspired by the literature in

human motor control [16, 22, 25, 26, 60, 128, 129, 132, 183], we propose a set of
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NΦ = 7 candidate cost functions, as detailed in Table 7.1. Although the task may

appear elementary, we posit that individuals do not adhere to a single cost function

throughout the entire movement. To account for such time-varying motor strategies,

each recorded trajectory of duration T was segmented into Nw equal time windows,

each comprising Ns samples. This segmentation was chosen based on consistent

inflection points observed in the majority of trajectories. To model the temporal

evolution of movement strategies, we introduced a weight matrix ω ∈ RNΦ×Nw ,

which allows distinct cost function contributions across different movement phases.

The full trajectory x ∈ RNs×Nw was defined as the concatenation of state vectors

xs = (qs, q̇s) for each section s ∈ {1, · · · , Nw}. Accordingly, us was defined as the

control torque input to the human model joints for each section. The associated

Direct Optimal Control (DOC) problem was then formulated to reconstruct the

observed human motion over this multi-phase framework.

x∗ = argmin
u

Nw∑
s=1

NΦ∑
j=1

ωs,jΦj(xs,us)

s.t. x(t+ 1) = f(x(t),u(t)),

PX(T ) = P̂X ,

q− ≤ q ≤ q+

q(0) = q0

||q̇|| ≤ q̇+

(7.1)

where x(t) and u(t) are the state and control at discrete time t; f is the Euler

time-discretized dynamics; P (t) is the position of the hand obtained from forward

kinematics, and P̂X is the horizontal goal position (Fig. 7.1.a); q0 is the initial

human joint configuration; q−, q+ are the lower and upper joint boundaries,

respectively; q̇+ is the maximal joint velocity.

Modeling of the human body was done using Pinocchio [39], and the Croccoddyl

framework [117] and the MiM Solver nonlinear CSQP solver [77] were used to define

and solve the constrained DOC in Eq.(7.1).
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Table 7.1: (Discretized) Biomechanical cost functions

Label Name Equation Reference

Φ1 Cartesian velocity (CV)
∑T

t=0 Ṗ (t)T Ṗ (t) dt [60]

Φ2 Energy (Eng)
∑T

t=0

∣∣∣q̇(t)T τ (t)
∣∣∣ dt [25, 132]

Φ3 Geodesic (Geo)
∑T

t=0 q̇(t)TM q̇(t) dt [26]

Φ4 Joint acceleration (JA)
∑T

t=0 q̈(t)T q̈(t) dt [22]

Φ5 Joint torque change (JTC)
∑T

t=0 τ̇ (t)T τ̇ (t) dt [128, 183]

Φ6 Joint velocity (JV)
∑T

t=0 q̇(t)T q̇(t) dt [16]

Φ7 Joint torque (Tau)
∑T

t=0 τ (t)T τ (t) dt [129]

7.1.3 Minimum Observation IRL (MO-IRL)

As previously mentioned, we aim to solve an IOC problem to derive the optimal

cost function as a linear combination of explicit features. For this purpose, an

augmented MO-IRL[123] framework was modified to accommodate learning for

several time windows with different weights. As in most IRL algorithms, MO-IRL

aims to maximize the probability of the optimal demonstrations (i.e. the human

trajectory)

ω∗ = argmax
ω

P (x∗|ω, x̄) (7.2)

where P (x∗|ω, x̄) = e−ωTΦ∗∑K
i=1 e

−ωTΦi

ω ≥ 0

in which x̄ is the set of K observed trajectories. For clarity, we write ω the

concatenated weight vector for the cost features and Φ the concatenated feature

vector. In the following, Φ(xi,ui) which is the feature costs for the ith trajectory is

henceforth referred to as Φi. As observed in (7.2), all the sub-optimal trajectories

are being incorporated and contribute equally in the denominator, irrespective of

how close they are to optimality. This lack of distinction can create numerical

issues for the optimizer. Therefore, it is important to scale them to emphasize

their effectiveness so the optimizer will have better information about what the

approximated trajectory set represents in terms of optimality.

MO-IRL solves Eq. (7.2) by iteratively improving ω rather than optimizing it

in one shot. Considering an update of cost weights at each iteration n+ 1 in the

form ωn+1 = ωn +∆ωn, the original probability distribution can be rewritten to
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instead find the best ∆ωn:

∆ω∗
n = argmin

∆ωn

− log
1

1 +
∑

xi∈x̄ γie
−∆wT

t (Φi−Φ∗)

s.t. ∆ωn > −ωn (7.3)

γi = e−ωT
n (Φi−Φ∗)

In this case, sampled trajectories are automatically scaled depending on their cost

in the previous iteration. MO-IRL solves Eq. (7.3) and then seeks to find an update

of the form ωt+1 = ωt + α∆ω where α is selected using a merit function (similar to

a line search procedure). Starting with α = 1, the algorithm checks if the resulting

trajectory is closer to the optimal demonstration by evaluating the merit function.

If the merit function value has not been decreased with the added change to the

weight, MO-IRL scales down α by factor of 0.25, and tries again for a maximum

of 10 trials. If by the 10th trial there was no improvement, the algorithm stops.

Otherwise, the accepted trajectory is added to the observed trajectory set x̄, and

MO-IRL moves on to the next iteration.

In the literature, algorithms to learn human motion trajectories usually minimize

the gap between the estimated and the optimal trajectories in joint space without

considering velocities. In this study, however, we propose to minimize the gap

in both joint position and joint velocity concurrently. Therefore, the estimation

improvement was based on the full state vector x = [q1, q2, q̇1, q̇2] with m(x) =
1
T
||x∗ − x||22 as merit function.

MO-IRL formulation was extended for learning multiple weight sections from

multiple demonstrations as follows:

∆ω∗
t = argmin

∆ωt

D∑
d=1

(
− log

1

1 +
∑

x∈x̄ γie
−C(xi,∆ωt)

)
+
β

2
||∆ωt||22

s.t. ∆ωt > −ωt (7.4)

γi = e−C(xi,ωt)

C(xi,∆ωt) =
Nω∑
s=1

∆ωT
st(Φsi − Φ∗

sd)
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where D is the number of provided optimal demonstrations, and Nω is the number of

weight sections as mentioned before. We also use a small L2 regularizer (β = 10−9)

for the optimization to prevent high changes in weights and overfitting. When

learning from multiple demonstrations, the merit function for step acceptance

is changed to m(x) = 1
D

∑D
d=1(

1
N
||x∗

d − x||22). In case the input demonstrations

are from various initial postures, MO-IRL will generate one trajectory per initial

posture to evaluate the merit function value against human demonstrations starting

from the same posture. Eventually, all generated trajectories from different initial

postures will be added to x̄ when the step gets accepted.

7.1.4 Learning and Validation

In this study, the proposed approach was validated across three cases ranging

from subject and posture specific cost functions generation to a generic one. For

each demonstration in the input set, a single–shooting optimal control problem was

generated using

Nω =
⌊
1
2
Td

⌋
,

which corresponds to the maximum number of weight segments allowable while

still enabling MO–IRL to identify meaningful time variations in the cost structure.

To evaluate the weights estimated by MO–IRL, the DOC was solved for each

demonstration using its initial configuration q0 and movement duration T . The

RMSE between the resulting predicted trajectory and the recorded trajectory was

then computed. RMSE values are reported for each joint as well as for the overall

average across joints. For each case, a cost function was considered better if it

would regenerate human motions that closely matched the recorded demonstrations

provided by Berret et al. [24].

7.1.4.1 Subject-Dependent Posture-Dependent (SDPD)

Similarly to Berret et al. [24], SDPD analysis aims to estimate the optimal cost

function specified for each subject for each initial posture. The input non-optimal

set in this case consists of 3 random demonstrations for each subject and each

posture. Overall, there will be 15(subject) × 5(postures) = 75 estimated cost

functions resulting from this test case.
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Figure 7.2: Averaged estimated weights, and cost contribution, across all subjects
for initial postures 1-5, produced through SDPD analysis. Plots show a prominent
importance of the Joint Acceleration feature in the cost function (Φ4).

7.1.4.2 Subject-Dependent Posture-Independent (SDPI)

The SDPI case is attempting to evaluate if optimal weights can be estimated

irrespectively of the initial posture of the human arm. In other words, we aim

to find subject specific weights for the reaching task, and to see if they have

similarities we can rely on to produce a subject independent cost function. For

SDPI, a set of 5 demonstrations is used as input for MO-IRL, consisting of one

random demonstration per each initial posture. Overall, there will be 15(subject)

estimated cost functions resulting from this test case.

7.1.4.3 Subject-Independent Posture-Independent (SIPI)

The SIPI case aims to estimate an optimal cost function irrespective of the

subject and initial posture. In this case, the input demonstration set consists of

5 random demonstration from each subject (one per initial posture), totaling 75.

This test case will produce one set of estimated cost weights.

7.2 Results

Fig. 7.2 presents the average estimated weights for all subjects and postures

in the SDPD condition. A consistent pattern emerges across all initial postures,
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Figure 7.3: RMSE values boxplot comparison of all investigated cases against the
baseline, averaged across all subjects. Red line in each boxplot indicates the mean
value.
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Figure 7.4: RMSE values (deg) boxplot comparison of all methods against the
baseline, averaged across all initial postures. Red line in each boxplot indicates the
mean value.

with the acceleration cost term Φ4 dominating the overall contribution. The

estimated acceleration weight is particularly high near the beginning and end of

the reach, while remaining lower during mid–movement. The resulting predicted

joint trajectories exhibit and average RMSE values of 9.59± 5.20 deg, as evident

in Table 7.2. This is significantly lower than values reported in the literature using

a single weight set [24, 105, 177]. Using the fixed weights, obtained from a bi-level

approach, for the same pointing data, Berret et al. obtained an average RMSE of

15.44± 10.57 deg.

Figs. 7.3 and 7.4 further demonstrate that time varying weights systematically

improve prediction accuracy across subjects and postures.
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MO-IRL SDPD (Ours) Baseline

Initial Posture q1 q2 Avg q1 q2 Avg

P1 8.56 8.47 8.51 16.92 15.40 16.16

P2 7.77 7.17 7.47 10.06 13.84 11.95

P3 14.46 9.76 12.11 20.60 19.83 20.21

P4 5.52 13.33 9.43 9.28 19.84 14.56

P5 11.99 10.36 11.17 13.54 17.35 15.45

All 9.50 9.68 9.59 13.89 16.99 15.44

Table 7.2: RMSE results of SDPD weights for reaching task generated by MO-IRL,
in comparison with the baseline.

In the SDPI condition, a single time–varying weight profile is learned per subject

across all postures. The resulting weights again show an obvious rise and fall in

Φ4, confirming the central role of acceleration regularization independently of the

initial configuration. RMSE values for each posture are summarized in Table 7.3,

showing that SDPI outperforms the baseline in almost all joints and postures. This

is an other clue supporting that allowing time–varying weights provides a more

flexible representation of human motor patterns than a static cost structure.

MO-IRL SDPI (Ours) Baseline

Initial Posture q1 q2 Avg q1 q2 Avg

P1 8.39 9.80 9.10 16.92 15.40 16.16

P2 12.40 9.94 11.17 10.06 13.84 11.95

P3 19.71 15.17 17.44 20.60 19.83 20.21

P4 8.75 13.76 11.26 9.28 19.84 14.56

P5 12.32 14.83 13.57 13.54 17.35 15.45

All 11.99 10.36 11.17 13.89 16.99 15.44

Table 7.3: RMSE results of SDPI weights for reaching task generated by MO-IRL,
in comparison with the baseline.

The SIPI condition investigates whether MO–IRL can recover a single, fully

general cost structure for the reaching task, independent of both subjects and initial

postures. The estimated weight profile and cost contributions are shown in Fig. 7.5.

The same temporal pattern for Φ4 is present at the population level, suggesting a

strong commonality in how humans regulate acceleration throughout the reach.

The SIPI results in Table 7.4 provide several important insights into the exis-

tence of a unified cost function for human reaching. First, the MO–IRL weights

consistently outperform the baseline across all initial postures, despite being learned

without access to subject- or posture-specific structure. The average RMSE is re-

duced by 27.65% when compare to the baseline, which consider a subject-dependent

cost function. This demonstrates that the temporal profile of the inferred cost
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Figure 7.5: Weights and cost contributions of general cost weights proposed for the
reaching task in SIPI case. The RMSE comparison boxplots between all existing
demonstrations and predictions are presented in the figure at the bottom.
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Figure 7.6: Comparison of SDPD, SDPI, SIPI, and baseline predictions of the
subject’s joint values, against the human demonstration.

function captures fundamental aspects of human motor behavior that generalize

across individuals and kinematic configurations.

Second, the reductions in RMSE are particularly substantial for postures P1

and P4. These postures involve relatively extended initial arm configurations,

where small variations in joint torques likely lead to more predictable and less

noisy task-space motions. In these cases, the general time-varying cost function

appears sufficient to reproduce the smooth, bell-shaped trajectories characteristic

of human reaches [60], suggesting that the dominant control principles governing

these movements are shared across subjects.

Posture P1 illustrates this point most strongly: the baseline method yields an

average error of 16.16 deg, while the SIPI cost function reduces this to 7.83 deg.

This large improvement indicates that static cost weights, such as those proposed

in [24], fail to capture the temporal modulation of control effort and smoothness
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MO-IRL SIPI (Ours) Baseline

Initial Posture q1 q2 Avg q1 q2 Avg

P1 6.98 8.69 7.83 16.92 15.40 16.16

P2 13.09 9.26 11.17 10.06 13.84 11.95

P3 20.85 15.23 18.04 20.60 19.83 20.21

P4 7.37 14.36 10.86 9.28 19.84 14.56

P5 13.55 16.00 14.77 13.54 17.35 15.45

All 11.99 10.36 11.17 13.89 16.99 15.44

Table 7.4: RMSE results of SIPI weights for reaching task generated by MO-IRL,
in comparison with the baseline.

that humans naturally apply.

Third, posture P3 yields the highest errors for both the baseline and SIPI con-

ditions, reflecting the inherent difficulty of this configuration. Its more flexed-elbow

posture requires larger joint excursions for small task-space motions, amplifying

joint-space variability and the effects of signal-dependent motor noise [66]. Despite

this, the SIPI weights still offer a clear improvement over the baseline, indicating

that the general cost function captures consistent behavioral structure even under

unfavorable dynamics.

Beyond the dominant influence of joint acceleration, the estimated weights also

reveal a meaningful contribution of the joint torque change term (Φ5), visible in

Fig. 7.5 through elevated mid-movement values.

Fig. 7.6 shows the comparison of predictions using SDPD, SDPI, and SIPI

methods against the human data, for an example demonstration conducted by

Subject 1 initiated from Posture 2. This example shows the effect of the gradual

decline of specificity from SDPD to SDPI and ultimately SIPI, as the predicted

trajectory deviates from the human demonstration further. However, the results

in Fig. 7.6 show a significant improvement in comparison with the baseline in the

joint space.

7.3 Discussions

Across all three evaluation cases, a consistent and robust pattern emerges in

the inferred cost structure for human reaching. The joint acceleration term Φ4 is

the dominant contributor, with a characteristic increase at movement onset and

termination. This behavior aligns with classical motor–control findings: penalizing
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large accelerations avoids impulsive motor commands and reduces signal–dependent

noise [66], while the terminal increase reflects the need for precise endpoint stabi-

lization, consistent with submovement corrections and bell–shaped velocity profiles

[60, 133].

A second key result is the non-negligible contribution of the joint torque change

term Φ5 during the mid-reach phase. This observation complements and extends

the acceleration-based explanation. The minimum–torque–change model of Uno et

al. [183] established that penalizing rapid variations in torques generates smooth

and human-like multi-joint trajectories. More recent studies have further shown

that stabilizing torque fluctuations helps reduce motor noise, improves robustness

to interaction torques, and limits neuromuscular effort [51, 66]. For our reaching

scenario the joint torque change appearance at the middle of the motion is consistent

with the need to maintain stable coordination while the segments are accelerating

most rapidly, a period where motor noise and interaction torques are largest. The

combined presence of Φ4 and Φ5 therefore suggests that human reaching optimizes

both kinematic smoothness (acceleration regulation) and actuation smoothness

(torque-change regulation), revealing a multi-criteria optimality principle that

adapts over the course of the movement.

The limited influence of energy-related terms stands in contrast to the interpre-

tation proposed in [24]. Several factors may explain this discrepancy. First, the

pivot-based normalization used in [24] imposes strong constraints on the relative

magnitudes of the cost weights, whereas the present formulation allows them to

evolve freely over time. Second, the very large RMSE values reported when using

Berret’s weights (Table 7.4) suggest that the attribution of a dominant role to

joint energy may simply not be reliable. When prediction errors are so high, many

different combinations of cost terms can yield equally poor fits to the data, making

it difficult to draw firm conclusions about the underlying optimality principle. In

this sense, the explanation based on joint energy may simply not be identifiable

within the sensitivity limits of the DOC problem.

An other methodological difference from previous IOC and IRL studies concerns

the use of both joint positions and joint velocities in the learning process. Most

approaches in the literature rely exclusively on joint positions when estimating

cost weights, either because velocities exhibit higher trial-to-trial variability or
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because position-only models simplify the inverse problem [177]. However, excluding

velocity information can obscure important aspects of the movement dynamics.

Human reaching is characterized by highly stereotyped velocity profiles, and these

profiles carry essential information about smoothness, timing, and coordination.

Incorporating velocities therefore provides richer constraints on the underlying cost

structure and reduces the ambiguity inherent in position-only formulations, where

many weight combinations can reproduce similar end-point trajectories. In the

present work, we believe that, the inclusion of velocity data contributes to the

clear emergence of both acceleration and torque-change related terms, and likely

improves the identifiability of time-varying weights.

Taken together, these findings support the interpretation that the central nervous

system relies on time-varying adjustments of a small set of key control principles,

rather than on fixed task- or subject-specific cost parameters. The consistency of

the inferred weights across heterogeneous initial postures highlights the ability of

MO–IRL to uncover this shared temporal structure.

Finally, the SIPI results demonstrate that a single time-varying cost function

can reconstruct human trajectories across all subjects and postures with markedly

higher accuracy than classical single-weight models. Achieving the performance

reported in Table 7.4 with a fully general cost function is noteworthy, and provides,

to our knowledge, the first evidence that human reaching may be governed not by

static cost weights, but by a temporally structured cost landscape balancing effort,

smoothness, and accuracy throughout the movement.

7.4 Conclusion

This work introduced a modified MO–IRL framework for learning time-varying

cost functions that predict human reaching movements with substantially higher

accuracy than classical fixed-weight approaches. The inferred cost structure consis-

tently highlights the dominant role of joint acceleration, complemented by a smaller

contribution of torque-change smoothness in the middle of the motion, reflecting a

multi-criteria optimality principle that adapts throughout the movement. For the

first time a single subject- and posture-independent cost function was identified

and its ability to predict motion demonstrated with real experimental data. It
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suggests that reaching may be governed by a shared temporal organization rather

than by fixed task-specific parameters.

A central methodological contribution of this study is the use of both joint

positions and joint velocities during weight estimation. Incorporating velocity

information reduces the ambiguity inherent in position-only formulations and

improves the identifiability of dynamic cost terms. This points toward a broader

conclusion: future IOC and IRL frameworks may benefit from exploiting the full

state and input trajectories, including joint torques, external forces, and interaction-

based cues, especially when dealing with inherently multimodal human motion.

An important next step is to assess whether the proposed cost function general-

izes to more realistic reaching scenarios involving full 3D arm motion. Extending

the framework to higher-dimensional models will allow testing whether the temporal

structure uncovered here persists beyond planar tasks, and whether additional cost

components emerge when multi-joint coordination become more complex.

From a robotics perspective, the inferred time-varying cost structure provides a

principled foundation for designing bio-inspired controllers and generating human-

like trajectories in humanoid and collaborative robots. A key advantage of MO–IRL

is its ability to learn generalizable cost functions from only a small number of

demonstrations. This greatly reduces the data-collection burden typically associated

with human motion modeling and could enable the rapid construction of large-scale

synthetic motion datasets. Such datasets are increasingly valuable for training robot

imitation-learning policies, for benchmarking perception or prediction modules, and

for providing diverse, human-consistent motion samples in simulation.

Embedding the learned cost functions into optimal control or Model Predictive

Control frameworks allows robots not only to reproduce human-like movement

patterns, but also to anticipate and respond to human actions in an optimal and

temporally coordinated manner. This opens the way to more natural physical

interaction, improved intent prediction, and adaptive assistance strategies that

align robotic behaviour with the underlying principles of human motor control.
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Chapter 8

Conclusions and Future Work

Understanding humans—from physiological state to external behavior to un-

derlying intent—is central to advancing embodied intelligence and enabling robots

to interact meaningfully with people. However, human-centered learning is fun-

damentally challenged by data scarcity, noise, suboptimality, and inter-individual

variability. This thesis addressed these challenges through a multi-layered progres-

sion of contributions unified by one methodological principle: leveraging structure

to overcome limited data.

In Part I, we demonstrated that clinically significant human-state estimation

can be achieved from extremely limited measurements. By modeling the tem-

poral evolution of only three vital signs, our LSTM- and TCN-based prognostic

frameworks accurately predicted deterioration in COVID-19 patients across multi-

ple horizons. Beyond pandemic relevance, these results illustrate that high-value

physiological insights do not require dense biomedical datasets; instead, carefully

designed temporal models can extract latent state information even under severe

data constraints. As future directions for this line of work, the proposed modeling

structures can be extended to multiple diseases to develop a unified, disease-agnostic

framework. Beyond COVID-19, time-series biomarker datasets exist for a wide

range of syndromes, for which accurate prognosis can be critically valuable in

mitigating subsequent adverse outcomes. This work demonstrates that the AI

community can leverage relatively simple and low-dimensional datasets to achieve

high-performance predictive models, thereby enabling the development of reliable

clinical decision-support platforms with reduced burden on the medical workforce.
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In Part II, we developed probabilistic modeling tools capable of representing com-

plex, asymmetric, and context-dependent human motion. The proposed FiMReSt

model stabilized skew-t mixture learning and enabled expressive behavioral repre-

sentations, while SNMR provided a flexible regression framework that generalizes

well in few-shot settings. Incorporating optimality-aware weighting into Learning

from Demonstration further addressed suboptimal human input, allowing robots to

learn meaningful behavior even when demonstrations are imperfect. Together, these

contributions show that rich behavioral understanding is possible when statistical

structure is exploited, even with minimal or noisy data. Several avenues remain

open for future extensions of this work. The regression formulation of the FiMReSt

model has yet to be systematically evaluated across diverse datasets to examine

how mixture models based on kernels with greater expressiveness and reach can

improve behavior learning from human demonstrations. Furthermore, the context-

aware EM algorithm introduced in Chapter 5 has demonstrated strong potential

as a lightweight behavior cloning framework based on GMM/GMR that explicitly

accounts for task objectives. Replacing Gaussian kernels in this framework with

more expressive alternatives—such as SNMM/SNMR and the FiMReSt model

and its regression formulation—is expected to further enhance behavior learning

performance, particularly given the gains already observed using lower-flexibility

kernels.

In Part III, we shifted from descriptive to principled models of behavior by

recovering why humans act as they do. MO-IRL demonstrated that inverse rein-

forcement learning can be made tractable and data-efficient, enabling cost-function

recovery from sparse and partially observed trajectories. The method successfully

inferred both task-specific and subject-independent cost structures, providing new

insights into human motor control and enabling accurate motion prediction. These

findings suggest that human intent—often considered inaccessible due to ambiguity

and under-determination—can be systematically estimated through structured

optimization and informed sampling strategies. The studies presented in Part III

can be extended along two complementary directions. The first is the development

of a lightweight, low-horizon variant of MO-IRL that operates in real time, enabling

a robot to infer and update its cost function as its behavior is being corrected by

a human expert during physical human–robot interaction (pHRI). In this setting,
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external corrective inputs must be locally compensated through immediate updates

to the cost function, allowing the robot to incorporate the objective modifications

implicitly intended by the human operator as soon as they are observed. Such an

approach has the potential to substantially improve objective learning in scenarios

where discrepancies arise between the robot’s learned intent and the operator’s

true intent. These discrepancies may occur, for example, when a robot trained

by one human is subsequently operated by another, or when the robot encounters

a novel environment that requires behavioral adaptation without access to addi-

tional demonstration data, making full offline MO-IRL—as presented in Chapter 6

impractical.

The second direction concerns the modeling of human intent itself. The human

intent learning framework introduced in Chapter 7 demonstrated strong predictive

performance by assuming multiple weight sections within a task. Extending this

formulation to a broader range of human behaviors would enable a systematic

investigation of multi-phase task execution, with the goal of identifying more general

principles underlying human decision-making. Moreover, integrating these insights

into pHRI frameworks could improve safety, adaptability, and collaboration by

aligning robot behavior more closely with human expectations and intent.

Across all three parts, this thesis established that data efficiency is not a

limitation but a design axis, which can lead to more interpretable, robust, and

human-aligned algorithms. By combining deep temporal modeling, expressive

probabilistic learning, and structured IRL, we created a coherent set of tools for

understanding human state, behavior, and intent in ways that support safe and

intelligent human-robot interaction. Looking ahead, these methods open several

paths for future research: integrating behavior-intent models into unified inference

pipelines, deploying probabilistic behavior models in bilateral physical human-

robot interactions, and extending IRL to online adaptive human-robot settings.

Ultimately, the contributions of this thesis aim to bring robots closer to operating

not just around humans, but truly with them, guided by an understanding of how

humans feel, how they act, and why they choose their actions.
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Appendix A

Ablation Study Results

Here we provide numerical results with respect to Figure 7 in Table A.1, and

results with respect to Figure 8 in Tables A.2 and A.3.

Table A.1: Numerical comparison of CSVS-Net, RSVS-Net, MLVS-Net, and nSHS-
Net for 3-24 hours of prediction horizons
Prediction
Horizon
(hours)

3 6 9 12 15 18 21 24

Accuracy

CSVS-Net 0.913 0.910 0.911 0.906 0.903 0.904 0.901 0.898

RSVS-Net 0.883 0.881 0.873 0.874 0.869 0.869 0.871 0.867

MLVS-Net 0.856 0.853 0.851 0.846 0.848 0.847 0.842 0.852

nSHS-Net 0.835 0.835 0.835 0.835 0.835 0.835 0.835 0.835

AUROC

CSVS-Net 0.934 0.922 0.910 0.898 0.897 0.897 0.884 0.884

RSVS-Net 0.875 0.860 0.848 0.833 0.832 0.823 0.821 0.828

MLVS-Net 0.803 0.795 0.788 0.769 0.761 0.764 0.751 0.772

nSHS-Net 0.681 0.677 0.675 0.677 0.679 0.673 0.677 0.674

AUPRC

CSVS-Net 0.806 0.789 0.776 0.752 0.743 0.746 0.728 0.723

RSVS-Net 0.657 0.649 0.609 0.594 0.591 0.579 0.578 0.581

MLVS-Net 0.502 0.486 0.468 0.435 0.441 0.443 0.426 0.469

nSHS-Net 0.278 0.277 0.275 0.269 0.275 0.268 0.271 0.270
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Table A.2: Numerical comparison of all the occlusions on clinical and comorbidity
characteristics and SEQ vital sign data for 3-24 hours of prediction horizons for
RSVS-Net
Prediction
Horizon
(hours)

3 6 9 12 15 18 21 24

Accuracy

None 0.883 0.881 0.873 0.874 0.869 0.869 0.871 0.867

Sex 0.879 0.878 0.871 0.870 0.866 0.868 0.870 0.866

Obesity 0.882 0.881 0.874 0.873 0.869 0.869 0.871 0.866

Age 0.873 0.864 0.866 0.866 0.859 0.860 0.859 0.836

Diabetes 0.883 0.879 0.870 0.872 0.868 0.868 0.870 0.866

Hypertension 0.882 0.880 0.873 0.873 0.869 0.869 0.870 0.868

Vac. Time 0.882 0.881 0.873 0.874 0.868 0.868 0.870 0.867

Vac. Status 0.881 0.880 0.873 0.873 0.867 0.868 0.871 0.866

HR 0.855 0.853 0.853 0.856 0.852 0.850 0.852 0.853

SpO2 0.869 0.867 0.866 0.862 0.860 0.862 0.856 0.853

Temperature 0.880 0.868 0.865 0.865 0.862 0.860 0.863 0.860

AUROC

None 0.875 0.860 0.848 0.833 0.832 0.823 0.821 0.828

Sex 0.874 0.855 0.843 0.828 0.827 0.816 0.813 0.821

Obesity 0.877 0.859 0.848 0.832 0.832 0.822 0.821 0.828

Age 0.845 0.813 0.833 0.809 0.785 0.766 0.785 0.760

Diabetes 0.876 0.857 0.846 0.828 0.827 0.812 0.816 0.820

Hypertension 0.877 0.859 0.847 0.831 0.830 0.820 0.819 0.825

Vac. Time 0.878 0.859 0.848 0.832 0.830 0.820 0.817 0.827

Vac. Status 0.876 0.857 0.846 0.830 0.828 0.820 0.819 0.824

HR 0.748 0.739 0.736 0.739 0.744 0.743 0.733 0.745

SpO2 0.858 0.833 0.819 0.792 0.790 0.785 0.777 0.771

Temperature 0.878 0.852 0.847 0.824 0.827 0.814 0.803 0.819

AUPRC

None 0.657 0.649 0.610 0.594 0.591 0.579 0.578 0.581

Sex 0.659 0.642 0.604 0.588 0.583 0.571 0.570 0.572

Obesity 0.665 0.648 0.609 0.593 0.592 0.578 0.578 0.580

Age 0.617 0.557 0.583 0.560 0.518 0.505 0.529 0.480

Diabetes 0.661 0.645 0.606 0.590 0.586 0.565 0.571 0.571

Hypertension 0.664 0.648 0.609 0.593 0.591 0.577 0.578 0.578

Vac. Time 0.664 0.647 0.609 0.592 0.588 0.575 0.574 0.578

Vac. Status 0.661 0.643 0.606 0.589 0.584 0.574 0.573 0.575

HR 0.457 0.458 0.436 0.449 0.440 0.428 0.431 0.439

SpO2 0.615 0.588 0.561 0.533 0.526 0.524 0.495 0.485

Temperature 0.661 0.615 0.585 0.560 0.568 0.552 0.543 0.553
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Table A.3: Numerical comparison of all the occlusions on clinical and comorbidity
characteristics and SEQ vital sign data for 3-24 hours of prediction horizons for
CSVS-Net
Prediction
Horizon
(hours)

3 6 9 12 15 18 21 24

Accuracy

None 0.913 0.910 0.911 0.906 0.903 0.904 0.901 0.898

Sex 0.912 0.909 0.909 0.908 0.903 0.903 0.900 0.899

Obesity 0.914 0.911 0.911 0.906 0.902 0.904 0.901 0.897

Age 0.903 0.906 0.902 0.897 0.899 0.898 0.896 0.895

Diabetes 0.913 0.909 0.908 0.903 0.902 0.901 0.899 0.894

Hypertension 0.914 0.910 0.910 0.905 0.903 0.904 0.901 0.898

Vac. Time 0.915 0.910 0.910 0.906 0.903 0.903 0.901 0.897

Vac. Status 0.913 0.910 0.910 0.905 0.902 0.901 0.900 0.896

HR 0.879 0.875 0.875 0.877 0.877 0.874 0.874 0.873

SpO2 0.901 0.892 0.895 0.891 0.885 0.882 0.880 0.880

Temperature 0.912 0.910 0.909 0.904 0.902 0.902 0.898 0.899

AUROC

None 0.934 0.922 0.910 0.898 0.897 0.897 0.884 0.884

Sex 0.930 0.919 0.907 0.895 0.892 0.894 0.881 0.881

Obesity 0.933 0.921 0.910 0.898 0.896 0.898 0.885 0.885

Age 0.918 0.910 0.895 0.883 0.877 0.871 0.870 0.860

Diabetes 0.931 0.921 0.909 0.894 0.895 0.891 0.881 0.883

Hypertension 0.933 0.921 0.910 0.897 0.895 0.896 0.883 0.883

Vac. Time 0.932 0.920 0.909 0.897 0.895 0.896 0.882 0.881

Vac. Status 0.934 0.922 0.910 0.898 0.897 0.895 0.885 0.885

HR 0.776 0.772 0.774 0.777 0.773 0.775 0.770 0.770

SpO2 0.914 0.897 0.885 0.866 0.859 0.856 0.846 0.846

Temperature 0.932 0.920 0.911 0.897 0.894 0.892 0.880 0.879

AUPRC

None 0.806 0.789 0.776 0.752 0.743 0.746 0.728 0.723

Sex 0.800 0.785 0.770 0.747 0.735 0.738 0.721 0.716

Obesity 0.804 0.788 0.775 0.753 0.743 0.747 0.727 0.723

Age 0.780 0.761 0.745 0.726 0.713 0.701 0.694 0.684

Diabetes 0.800 0.788 0.773 0.745 0.741 0.734 0.720 0.716

Hypertension 0.804 0.788 0.775 0.751 0.742 0.746 0.726 0.721

Vac. Time 0.805 0.786 0.772 0.750 0.742 0.745 0.728 0.719

Vac. Status 0.805 0.789 0.775 0.753 0.742 0.741 0.727 0.722

HR 0.567 0.561 0.565 0.564 0.559 0.559 0.550 0.552

SpO2 0.748 0.714 0.708 0.681 0.664 0.652 0.641 0.642

Temperature 0.805 0.784 0.774 0.744 0.735 0.738 0.720 0.717
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Appendix B

Hierarchical Representation of the

Multivariate Skew-t Distribution

In the MLE process, the key assumption is that the likelihood of each observation

is independent of the likelihood of other observations. Therefore, to satisfy this

assumption, the multivariate skew-t mixture model PDF in Eq. (3.1) is represented

in the hierarchical format [101, 159] for the ERM algorithm, as seen in Eq. (3.3).

Y j|uj, wj, zij = 1 ∼ Np(µi +∆iuj,
1

wj

Σi)

U j|wj, zij = 1 ∼ HNp(0,
1

wj

Ip)

Wj|zij = 1 ∼ Γ(
νi
2
,
νi
2
)

Zj ∼Mg(1;ω1, ω2, . . . , ωg)

(B.1)

In Eq. (B.1), g is the number of multivariate skew-t kernels in the mixture model,

j subscript addresses the corresponding parameter to the jth observed point in the

dataset, such that j = 1, . . . , n, and i subscript addresses the parameter related to

the ith multivariate skew-t kernel, where i = 1, . . . , g. In addition, HNp(., .) and

Γ(., .) denote the p-dimensional half-normal, and Gamma distributions, respectively.

For a multivariate skew-t mixture model with g clusters, a g×n matrix Z is defined

to be associated with how much each cluster is responsible for each data point in

the set, hence
∑g

i=1 zij = 1. This means that if zij = 1, yj belongs solely to the

cluster i. Utilizing the aforementioned definition, we can see that each random
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vector Zj = [z1j, z2j, . . . , zgj ]
T is distributed by a multinomial distribution with one

trial, i.e., Zj ∼Mg(1;ω1, ω2, . . . , ωg), and the cell probabilities ωi are the mixing

proportions of the mixture model.

The hierarchical representation of the mixture model, utilizes random values that

are unseen in the mathematical representation of the mixture model distribution

in Eq. (3.1), namely Z, W , and U . These parameters are the so-called latent

variables of the mixture model, and the ERM algorithm relies on the computation

of these latent variables.

By expanding Eq. (3.5), we can decompose the log-likelihood as seen in Eq. (B.2).

l(Θ|y, u, w, z) = L1(Θ|z) + L2(Θ|w, z) + L3(Θ|y, u, w, z) (B.2)

where each term can be re-written as a function of the defining parameters of the

multivariate skew-t clusters in the mixture model and the latent variables of the

hierarchical distribution function of the mixture model following Eqs. (B.3)-(B.5).

L1(Θ|z) =
g∑

i=1

n∑
j=1

zij log(ωi) (B.3)

L2(Θ|w, z) =
g∑

i=1

n∑
j=1

zij

{
(
νi
2
) log(

νi
2
) + (

νi
2
+ p− 1) log(wj)− log Γ(

νi
2
)− wj

2
νi

}
(B.4)

L3(Θ|y, u, w, z) =
g∑

i=1

n∑
j=1

zij

{
− p log(2π)− 1

2
log |Σi|

− wj

2

[
di(yj) + (uj − ci(yj))

TΛ−1
i (uj − ci(yj))

]}
(B.5)

The parameters seen in Eqs. (B.3)-(B.5). are derived using the expressions seen

below:

di(yj) = (yj − µi)
TΩ−1

i (yj − µi)

ci(yj) = ∆T
i Ω

−1
i (yj − µi)

Λi = Ip −∆T
i Ω

−1
i ∆i

Ωi = Σi +∆i∆
T
i



141

Appendix C

Conditional Expected Values of

Truncated t-Distribution

In the E-step of the ERM algorithm, the conditional expected value of two

random entities should be calculated, which are e3 and e4 as seen in Eq. (3.14)

and Eq. (3.15). These expressions can be calculated as the product of e1 and the

first and second moments of the truncated t distribution of vector U respectively.

For brevity, we denote the defining parameters of the truncated t distribution as µ,

Σ, A, and ν as seen in Eq. (C.1).

U ∼ ttp,ν(µ,Σ;A) (C.1)

where the truncated hyperplane is A = {x > a,a ∈ Rp}. The truncation used in

this PDF is left-truncation, meaning that each element of the vector x is greater

than the associated element in the truncation vector a. The density of this left

truncated distribution is given by Eq. (C.2).

fA(x|µ,Σ, ν) = T−1
p,ν (a|µ,Σ)tp,ν(x|µ,Σ),x ∈ A (C.2)

For evaluation of the first and second moments of this distribution, O’Hagan

[135] first provided the explicit representation of the formulae based on moments of

untruncated t-distribution in the univariate case of ttp,ν(0, σ
2; a). Later O’Hagan

[139] analyzed the multivariate case in the centralized case. Thereafter, Lee et

al. [95] in 2014 generalized the representation of these moments to non-central
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cases. Table C.1 shows the characteristics of certain notations used in the series of

mathematical steps for computing the first and second moment of the truncated

t-distribution.

For clarity of the equations mentioned subsequently, a brief description of

mathematical notations used in the equations is provided in Table C.1. In this

table, x is a p× 1 vector and X is a p× p matrix.

Table C.1: Description of the notations

Notation Type Size Description

xi Scalar 1× 1 ith element of the vector x

x−i Vector (p− 1)× 1 x without its ith element

x−ij Vector (p− 2)× 1 x without its ith and jth element

X ij Matrix 2× 2 X ij =

xii xij

xji xjj


X−i Matrix (p− 1)× (p− 1) Matrix X without its ith row and

column

X−ij Matrix (p− 2)× (p− 2) Matrix X without its ith and jth rows
and columns

X(i) Vector (p− 1)× 1 Vector consisting ith column of matrix
X without its ith element

X(ij) Matrix (p− 2)× 2 Matrix consisting ith and jth columns
of matrix X without its ith and jth
rows

E(X) can be represented as the first moment of PDF in Eq. (C.3) with:

E(X) = µ+ ϵ (C.3)

ϵ = c−1
1 Σξ (C.4)

c1 = Tp,ν(µ − a|0,Σ) (C.5)

ξi = (2πσii)
− 1

2

( ν

ν + σ−1
ii (µi − ai)2

)( ν−1
2

)

√
ν

2

Γ(ν−1
2
)

Γ(ν
2
)
Tp−1,ν−1(a

⋆|µ,Σ⋆) (C.6)
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where

a⋆ = (µ−i − a−i)− (µi − ai)σ−1
ii Σ(i) (C.7)

Σ⋆ =
(ν + σ−1

ii (µi − ai)2

ν − 1

)
(Σ−i − σ−1

ii Σ(i)Σ
T
(i)) (C.8)

However, For the second moment, the equations become more complex as seen

in Eq. (C.9).

E(XXT ) = µµT + µϵT + ϵµT − c−1
1 ΣHΣ+ c2c

−1
1

( ν

ν − 2

)
Σ (C.9)

c2 = Tp,ν−2

(
µ − a|0,Σ

)
(C.10)

where H is a p× p matrix for which we first calculate the off-diagonal elements as

the following:

hij =
1

2π
√
σiiσjj − σ2

ij

( ν

ν − 2

)( ν
ν⋆
)( ν−2

2
)
Tp−2,ν−2(a

⋆⋆|0,Σ⋆⋆), i ̸= j (C.11)

and the diagonal elements are calculated as such:

hii = σ−1
i i

(
(µi − ai)ξi −

∑
i̸=j

σijhij

)
(C.12)

where

ν⋆ = ν + (µij − aij)
TΣ−1

ij (µij − aij) (C.13)

a⋆⋆ = (µ−ij − a−ij)−Σ(ij)Σ
−1
ij (µij − aij) (C.14)

Σ⋆⋆ =
ν⋆

ν − 2
(Σ−ij −Σ(ij)Σ

−1
ij Σ

T
(ij)) (C.15)

Note that in the case of univariate datasets, Tp−1,v−1(a
⋆|0,Σ⋆) = 1, and in the case

of univariate and bivariate datasets, Tp−2,v−2(a
⋆⋆|0,Σ⋆⋆) = 1.
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